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PREFACE 



OF all the works of antiquity which have 
been tranfmitted to the prefent times, none 
are more univerfally and defervedly efteemed 
than the Elements of Geometry which go 
under the name of Euclid, In many other 
branches of fcience the moderns have far 
furpafled their niafters ; but, after a lapfe of 
more than twp thoufand years, this per- 
formance ftill maintains its original pre- 
eminence, and has even acquired additional 
celebrity from the fruitlefs attempts which 
have been made to eftablifti a different 
fj'ftem. 

It is, however, generally allowed, that the 
Elements, as they now ftand, are attended 
with many difficulties, which greatly retard 
the progrefs of learners, on their firft en- 
trance upon this ftud)'^, and prevent them 
from applying to other branches of know- 
ledge, which, in the prefent advanced ftate 
of the fciences, are equally ufefal and im* 
portant. Among other obftacles of this kind 
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iv PREFACE. 

. may be mentioned the theory of parallel lines, 
the (io6lrine of proportion, and many things 
in the eleventh and twelfth books, relating 
to folids, which are ufually found extremely 
embarraffing ; and notwithftanding the numr 
berlefs efforts which have been made to eluci- 
date and explain them, are Itill liable to many 
objeflions. 

On this account, it has been found necef-r 
fary, in moft of our academical inftitutions, 
. to have recourfe to fome of the more com-? 
pendious rudiments of later writers, who, 
by means of a different arrangement, have 
endeavoured to new-model the fubje6^, and 
to render it lefs complex and elaborate. But 
the greater part of them are fo ill digefted 
that they fer\'e rather to miflead \he learner 
than to afford him any affiftance. For, be-r 
fides being deficient in order and method, 
fome of thefe authors have treated the fub- 
je6l algebraically ; apd others, by intro- 
ducing a number of exceptionable principles, 
and a vague unfatisfadory mode of demon- 
ftration, have degraded the fcience, and de- 
prived it of fome of its moft ftriking ad- 
vantages. 

It 
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It is, therefore, the defigq of the following 
performance,* to obviate thefe obje&ions, and 
|;o render the fubje6l more familiar and per* 
fpicuous, without weakening its evidence, or 
deftroying its elegance and fimpHcity. For 
t:his purpofe, many propofitions in Euclid^ 
which are of httle pr no ufe in their applif 
jcation, and were only introduced into the 
Elements as neceflkry links in the chain of 
reafoning, are here omitted ; and others fub- 
ftituted in their place, which are equally con- 
^ucive to that end, and at the fame time 
loaore ufeful and concife. By this means all 
the moft eflential principles of the fcience 
have been brought into a fhorter compafs, 
aqd the demo^ftn^tions, which lead to ite 
fubhmer truths, fo continued, as to render 
their conne6iion a§ obvious and comprehen- 
^ve as poffible. 

Great care has alfo been, taken to preferre 
that methodical precifion jind rigour of proof, 
which, in treating of this fubjeft, are requi- 
;^tes of nsearly equal importance with. the 
fcience itf^lf. For independently of its other 
fkdvantag^s^ Geometry has always been con- 
fidered as an excellent logic, which in form- 
ing 
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ing the mind, end eftablifhing a habit of 
clofe thinking and juft reafoning, in every 
enquiry after truth, is far fuperior to all the 
dialeftical principles that have yet been in- ' 
vented ; the fimplicity of its firft principles ; 
the clearnefs and certainty of its demonftra- 
tions ; the regular concatenation of its parts ; 
and the univerlality of its application being 
fuch as no other fubje6l can boaft. 

For thefe reafons, it was judged necefft-ry 
to adhere as clofely as poffible to the plan of 
the original Elements ; this being, in many 
Tefpe6b, much more natural and judicious 
than any of thofe which have fince been pro- 
pofed by other writers. But as the work was 
rather defigned as a regular Inftitution of the 
moft ufeful principles of the fcience, than 
a ftrid abridgment of Euclid, fome al- 
terations have been made, both in the ar- 
rangement of the propofitions and the mode 
of demonftration ; the latter of ^hich, in 
particular, it is prefumed, will be found 
confiderably improved, being here delivered 
in a more convenient form, and 'rendered as 
clear and explicit a« the nature of the fubje£t 
would admit. 

In 
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In the firft fix books, every thing has been 
demonftrated with a fcrupulous accuracy; 
and it was at firft defigned that the i^tme 
method fliould have been obferved through- 
out ; but this, in treating of the folids, was 
found incompatible with the plan of the 
work, it being here fcarcely poffible to fol- 
low the ftrift principles of Euclid without 
becoming prolix and obfcure. It was there- 
fore thought proper, in this part of the per- 
formance, to adopt a mode of proof, which 
though not geometrically exa6l, is far more 
perfpiciious than the former, and equally 
fatisfaftory and convincing to the mind; 
efpecially in the way it is here given, which 
is fomething lefs exceptionable than that of 
Ca VALERIUS, by whom it was firft intro- 
duced. 

Many other particulars might be mention- 
^, in which this performance will be found 
to differ from^riioft ofhers of the like nature; 
but as they confift chiefly of improvements 
and emendation's which are too obvious to 
efcape the notice of the reader, any farther 
acQOunt of them would be unneceflary. It 
is fufficient to obfer\'e that much time and 
1 attention 
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attention have been beftowed upon the work i ' 
and that nothing which was judged effential 
to the fcience, or ufeful in facilitating its at- 
tainment, has beeii omitted. The acknow- 
ledged intricacy of fome propofitions in the 
fifth and fixth books, made it neceflary to 
abridge that part of the fubje6: more confider- 
ably than the former ; but it is conceived that 
what is here given will be fully fufficient to 
anfwer all the purpofes of the learner* , 

To avoid critical obje6tions were a vain 
endeavour : they may be made againft every 
fyftem of Geometry now e:$:taat ; and to 
Euclid as well as to other writers. Of this 
abundant proofs are given by the Commen- 
tators ; and in the Notes at the end of the 
prefent work, where many things of this kind 
are pointed out which have hitherto efcaped 
notice/ Thefe were added chiefly for the 
information of young ftudents, and ought 
to be carefully confulted by thofe who wifli 
to obtain a juft idea of the fcience, and the 
principles upon which it is founded. 



Tilt 



ELEMENTS 



O! 



GEOMETRY. 



BOOK L 



DEFINITIONS. 

1. A Solid if that which has length, breadth and 
thicknefs. 
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S. A Superficies is one of the bounds of a folid» and 
has length and breadth without thicknefs. 



1 1 It 
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S* A Line is one of the bounds of a fupesficies}^ and 
has length without breadth or thicknefs* 



4. A Point is one of the extremities of a linci and hat 
neither fehgth, breadth, nor thicknefs, 

5 • A right line is that which has all its parts lying in 
the fame direAion, 
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6. A plane fuperficies is that which is every where 
perfeftly flat and even. 
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7. A plain reflilineal angle is the inclination or open* 
ing of two ri^t Xvcm which nioEt \vl% point. 




8.. One right line is faid to be perpendicular to ano- 
ther, when it makes the angles on both (ides of it equal 
to each other. 
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9. A right angle is that which is maide by two right 
lines that are perpendicular to each other. 
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10. An obtufe angle is that which is greater than a 
jright angle. 
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if. An acute angle is that Which is left than a .right 
angle.. .. . " .'■■.' 
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12': A- figure it that which is inclofed by one (K mort 

boundaries. 

13. A circle is a plane figure, contained by one linef, 
called the circumference, which is every where equally 
diilant from a point within the figure, called die c.entre. 




•• 



14. Re£lilineal figures are thofe which are contained 
by right lines. 

1^. 'Airplane figures, bounded by three right lined, are 
called triangles. 

16. An equilateral triangle, is that which hat all its 
fides equal to each other. 



A- 



17. An ifofceles triangle, is that which has only two 
of its fides equal to each other. 



A- 



18. A right-angled triangle, is that which has one 
right angle ; the fide which is oppofite to the right angle 
being called the hypothenufe. 
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ri W- M ^l^^apgled tri^^Ift^ ii tjm which ba« pne 
ebtufe angle. 




20. Parallel right lines are fuch as are in the fame plane, 
and which, being product eV^ fo far both ways, will 
never meet. 



SU Eyqy. plane fi^re,. bounded by four riglit Unes, 
IS called a quadrangle^ or quadrilateral. 

fides are parallel. 



zzy 

^3. The diagonal of a quadxangle, is a right line join, 
jng any two of it^ oppoiite. angles. 




S4f. The bafe of any figvre is that fide upon which 
it is fuppofed to (land y and the vertical angle is that which 
is oppofite to the bafe. 




/ 



Note, When tn angle is exprefled by means of three 
letters, the one which fUndi at the angular point, mufi 
always be placed in the i|uddl^» 
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POSTULATES. 

1. Let it be granted that a right line may ^ drawn 
from any one given point to ahbther. 

^. That a terminated right line, may be produi^ed to 
any lengUi in a right lint. ^ 

, 3. That a circle niay ht dbfcribied fVoitt ^y point as a 
centre, at any difiance from that centre. 

4. And that a right line, which meets one of two 
parallel right lines, may be produced till it meets the 
other. 



AXIOMS. 

1 • Things which are equal to the fame thing are equal 
to each other. 

2. If equals be added to equals the wholes will be 
equal. , 

3. If equals be taken from equals the remaindinrs will 
be equal. 

4. If equals be added to unequals the Vholes will be 
unequal. 

B 3 5. If 
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5. If equals be taken from unequals the remainders will 
be unequal. 

6. Things which are double b( th^ fame thing are eqUal 
to each ot)ier. 

7. Things which are halves pf the ftme thing are equal 
to each other. 

... ....*. 

8. The whole is equal to all its parts taken together. 

9. Magnitudes which coincide,, or fill the fame fpace, 
are equal to each other. 



Remarks. 

•-■••• , ■ < • 

A Proposition, is fomething which is either* pro- 
pofed to be done, or to be demonftrated. 

A Problem, is fomething which is propofed to be 
done. 

A Theorem, is fomething which is propofed to fee 
demonftrated. 

A Lemma, is fomething which is previoufly demon- 
ilrated, in order to render whit follows more eafy, 

A Corollary, is a confequent truth, gained from 
fome preceding truth, or demonftration. 

A Scholium, is a remark or obfervation made apon 
Something going before it. 

PRO. 
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PRQPO.SIiTiaN I. (PROftlLEM. 

L.,i\jBO'k a giv^ finite rights line 'to de- 
fcribe an equilateral triai^le. : 




Let AB be the given right line ; It is required to de* 
fcribe ah equilateral triangle upon it; 

From 'the point a, at'* the diftance AB, defcribe the^ 
circle BCD (Po/.'S.) "* 

And from the point b, at the diftance B A, 'defcribe the 
circle ace {Po/. S.) 'I :t 

Then, becaufe the two circles pafs through each Other's 
centres, they will cut each otHer. v 

And, if the right lines c a, cb be drawn from the point 
of interfe£lion c, ABC will be the equilateral triangle re-' 
quired. • * " '^ 

For, fince a isr the centre of the circle BCD, AC is 
equal to ab (2)^. IS.) ••• ' ' " -' 

And, becaufe b is the centre of the circle ACE, BC is 
alfo equal to AB (Di/. 13.) 

But things which are equal to the fame thing are equal 
to each other (Ax. 1); therefdre AC -is tqual to CB. 

And, fince AC, cb are equal to each other, as weft ^i 
to AB, the triangle, ABC is equilateral; and it is defcribed 
upon the right line aB| as was to be done. . c i 
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PROP. Ih .VKOhVEii* 

. from » giy^n point to dnw a right Una 
equal to a^iven finite right iina. 




Let A be the given .po^0, ap4 3q t)|e given right line ; 
itif ipeijuire^ t<> draw a right linf from, the poiat a, that 
ihall be equal to bc. 

. Join the poipu a, ii^{P<if* h)\ ai^d upon BA defcribe 
the equilateral triangle bad (Prop, I.) 
^ • rromihCv poi^t a, m th^ dilh^ice :RC, 4«fcril|e tl^? pir- 
de CEF \Pof. S.) cutting de prcidi|Cie4 i». F- 
V, A^d frqm d|ie point D, ^ the di^anoe of, defciibe the 

circle ?kg {Pof. 3,); then, if. PA. fee, pi^odup^d U> Oi 
AG will be equal to BC, as was required, / , 

Far» fince j» is the centre of ti;^ circle C£F, bc is 
equal to bf [Def. IS.) . , , 

. Andy becaafe p iji the centre of the circle fHO. DO it 
equal Jo df (Def. \3.) 

• 6ut the part pa is alfo equal to t^ie part db (XV* If •)> 
whence th|e remainder AG will be equa{ tp the reraaiiidei 
|F {^. 3.) 

And fince AG, bc have been each proved to be .equal 
to BF, AG will alfo be equal to bc (>^« I.) 

A right line AG, has, therefore, been drawn from the 
point A, equal to the right line bc, as was to be done. 

SCHO*- 
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Scholium. When the point a is at one of the ex- 
tremities B, of the given line bc, any right line, drawn 
from that point to the circumference of the circle CfiF, 
wSi be the 9pe required« 



PROP, HI. Problem. 

From the greater of two given right lines, 
to cut off a part equal to the lefs. 




Let AB and c'be the two given right lines; it is re- 
quired to cut off a part from ab, the greater, equal to c 
the lefs. 

From the point A draw the right line ad equal t# 
C {Prop. 2.) ; and from the centre a, at the diftance 
AD, defcribe the circle def {Pof. 3.) cutting ab in &, 
and AE will be equal to c as wai required. 

For, fince A is the centre of the circle edf, ae will 

■ 

be equal to ad {Def. 13.) 

But c is equal to ad,^ by conftruftion; therefore AS 
will alfo be equal to c {Jx. 1.) 

Whence, from ab, the greater of the two given lines, 
there has been taken a part equal to c the lefs, which 
was to be done. 

Scholium. Wheil the two glveniines are fo fitu. 
ate, chat one of the extremities of a falls in the point 
A, the former part of the conftruBion becomes uil« 
neceflary. 

PROP. 
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PROP. IV. Theoivem. 

I • ■ ■ ■ 

If two fide? and the included angle of one 
triangle, be equal to two fides and the in- 
cluded angle of another, each to each, the 
triangles will be equal' in all refpefts. 



. i 




Let ABC, DEF be two triangles, having CA equal to 
FD, CB to FE, and the angle c to (he angle r ; then will 
the two triangles be equal in all refpeSs. 

For conceive the triangle ABC to be applied to the 
triangle def, fo that the point c may coincide with the 
goint F» and the fide CA with the fide ed. 

Then, becaufe CA coincides with Fp, and the angle 
C is equal to the angle f {iy HypJ)y the fide ca will alfo 
coincide with the fide fe. 

And, fince CA is equal to fd, and CB to fe {by Hyp.)^ 
the point a will fall upon the point d, and the point B 

* • • • 

upon the point e. 

But right lines, which have the fame extremities, muft 
coincide, or otherwife their parts would not lie in the 
fame direftion, which is abfurd [Def,5.)\ therefore ab 
falls upon, ^d is equal to de. 

And, becaufe the triangle abc coincides with the 
triangle def, the angle A will be^^equal to the angle d, 
the angle b to the angle £, and the two triangles will be 
equal in all refpefts [Ax. 9.) Q. E. D. 

PROP. 
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PROP. V, Theorem. 

The angles at the bafe of an ifofceles tri^ 
angle are equal to each other- 




» * 



Let ABC be an ifofceles triangle, having the fide CiW 
equal to the fide CB ; then will the angle cab be equal to 
the angle cba. 

For, in c A and CB produced, take any two equal parti 
CD, CE {Pro^. S.}, and join the points ae, bo : 

Theii, becaufe the two fides CA, ce of the triangle 
CAE, are equal to the two fides CB, CD of the triangle 
cbd, and the angle c is common, the fide ae will alfo 
be equal to the fide bd, the anglecAE to the angle cbd, 
and the angle d to the angle e {Prop. 4.) 

And fince the whole CD is equal to the whole ce (^ 
Con/i,)^ and the part ca to the part cb [by Hyp.)^ the 
rchiaining part AD will alfo be equal to the remaining 
J)art be [Ax. S.) ^ 

' Hence, the two fides da, db, of the triangle dab, 
being equal t6 the two fides eb, ea of the triangle 
EBA, and the angle d to tjie angle e, the angle abj} will 
alfo be equd to the angle b ae [Prop. 4.) f 

And if from the equal angles CA£, cbd, th^re be 
taken the equal angles bae, abd, the remaining angle 

/ CAB 
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CAB will be equal to the remaining angle CBA (Ax. 3.) 
Q.E.D. 

Corollary* Every equilateral triangle is alfo cqui. 
angular. 

PROP. VI. Theorem. 

If two angles of a triangle be equal to 
each other, the fides which are oppofite to 
them will alfo be equal. 




Let A^c be a triangle, having the angle CAB equal 
to the angle cb A ; then will the fide CA be equal to the 
fide CB. 

For if CA be not equal to cb, one of them muft be 
greater than the other; let ca be the greater, and make 
AD equal to BC (Prop. 3,) and join bd. 

Then, becaufe the two fides ad, ab, of the triangle 
ADBi are equal to the two fides BC, bA, of the triangle 
acb, and the angle dab is equal to the angle cba (iy 
£^.), the triangle ad B will be equal to the triangle 
acb (Prop. 4.), the lefs to the greater, whioh is abfurd. 

The fide ca, therefore, eannot be greater than the 
fide cb ; and, in the fame manner, it may be (hewn 
tliat it cannot be lefs ; confequently they are equal to 
each other. Q. E. D. 

Corol. Every equiangular triangle is alfo equi.> 
lateral. 

PROP. 
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P R Q P. YII. Theorem. • 

If the t\xvee ^des of one triangle be equal 
to the three fides of another, each to each^ 
the angles which are oppofite to the equal 
fides will alfo be equal. 





Let ABC, i>EF be two triangles, having the fide ab 
ei\txd\ to the fide be, ac to df, and Re to £f } then 
will th6 angle ac^ be equal to the angle dfe, bac ta 

£DF, and ABC to D£F. 

Fpr, let the triangle dfe be applied %o the triangle 
ACB, fo that their longeft fides, de, ab, may coincido^ 
and! the pcHXft f {all at g ; and join cg. 

Xhen« fince th^ fide AC ia equal to the fide 0F» or 
AG {by Hyp.), the angle acg will be equal to the angjk 

;AGC [Pr^. 5.}: 

And, becaufe t^e $de 9c is equal to the fide £f , or 
BG {6y Hyp.)^ the angle bcg will be ^qti0 to the angle 

Btttfiince tfa^ aEEvgles aco, bgo are equsd to the angles 
A<K^ BGC, each^ to each, the whole an^le acb will be 
equal to the whole angle agb (Ax. 8.} 
. . A^9^ l^ecaufe AC i».equd to ag« bc to bg, and the 
An^^Aea to the, angle AGB, the angle cab, wiU> ^i^ 
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be equal to the angle gab, and the angle abc to the 
angle abg {Prop, 4.) 

But the triangles agb, dfe, are identical; confc- 
c[uently the angles of the triangle dfe will, alfo^ be 
equal to the correfponding angles of the triangle acb. 
Q.E.D. r 

PROP. VIII. Theorem. 
All right angles are equal to each other. 




Let ABC, DEF be each of them^right angles; then 
will ABC be equal to def. 

For conceive the angle def to be applied to the angle 
ABC, fo that the point e may coincide with the point B, 
and the line ED with the line ba. 

And if EF does not coincide with bc, let it fall, if 
poflibFe, without the angle abc, in the direftion BG ; 
and produce ab to h. 

Then, becaufe the angles ABC, abg are right anglef 
'{by Hyp.), the lines CB, gb will be each perpendicular 
to AH {Def. 8?9.) 

And, fince a right line which is perpendicular to ano- 
ther right line, makes the angles on each fide of it equal 
[Def. 8.), the angle cba will be equal to the ahgle cbiI, 
and the angle gb A to the angle gbh. 

But thfe angle gb a' is greater than the* angle cba, 'or 
iu equal cbh ; confequently the angle gbh is alfo greater 

than 
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than the angle cbh ; that is, a part is greater than the 
whole, Vfhich i« abfurd. 

The -line ef, therefore, does not fall without the angle 
ABC : and in the fame manner it may be (hewn that it 
does not fall within it ; cqnfequently ef and BC will co- 
incide, and the angle def be equal to the angle ABC, as 
was to be fliewn. 



PRO P. IX- Problem. ^ 

To bife6l a given re6lilineal angle, that is, 
to divide it into two equal parts. 




Let SAC be the given re&ilineal angle; it is required 
to divide it into two equal parts. 

Take any point d in ab, and from AC cutoff ae 
equal to AD (Prop. S.), and join de. 

Upon DE defcribe the equilateral triangle dfe (Prop. 
l.)i and join AF ; then will af bifefl the angle BAC, u 
Was Fequired«r ' ' 

For AD is equal to ae, by conilru£lion ; df is alfo 
'equal to ,F£ (Def. 16*), and af is common to each oi 
the triangles A FD, afe. 

' But when the' three fides of one triangle are equal to 
the three fides of another,^ each to each, the angles which 
are oppofite to the equal fides are, alfo, equal {Prep. 7.) 
.' ■ The 



I 
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The ide.^-F, therefore^ beiiig^ equal tc the fitje n^ ^ 
angle daf will be equal to the angle FA£.; and coiw 
fi^uentty the afiigle fi aq. is; hifected by the righl li^e af, 
as was ta be dime. 



PROP. X. Problem. 

To bifeft a given finite right line, that isj ' 
to divide it into ttro e(]pial partsu 




Let AC be the given right line ; it is required to divide 
it into two equal parts. 

Upon AC defcribe the equilateii^l triangle acb {Prof. 
I-*), and bi(e6l the angle abc by the ri^ht line bd 
{Prop. 9.) ; then will Ac be divided into^ two- equal j^arts 
at the point D; ar war required. 

For AB IS equal to BC {D^f* 16.}, »D is* eommoato 
«ach oF the triangles adb*, cdb, and the angle AB'D is 
•qual to the angle cbd {by-Coit/t.) 

But when two fides and the included angle of C9ie tri« 
angle, are equal to two fides and the included angle of 
another, each- to eae^, their bafe» will sffo be equal 
{Prop. 4.) 

Thebafe ad is; therefore, equal to thebafe DC; and, 
confcquentlyr the right line AC is bifefied in thepmnt D, 
aiwaSbtobedonei 

PROP. 



• • 



fioOK THE PI it 8*4 17 



t • \ 



PROP, XL Problem; 

At a given point, in a given right linej 
to ere6l a perpendifciilari .^ . 



a f * 




et AB be the given right line, and D the given point 
In it ; it is required to draw a right line, from the point 
D, that fhall be perpendicular to Afi. 

Take ariy point e, in ab, and make df equal to de 
{Prop, 3,), and upon ef defcribe the equilateral triangle 
ECf {Prop. 1.) 

Join the points D, c ; and the right line cb will be 
perpendicular to ab, as was required. 

For CE is equal to cf {lief, 16.), ed to df (Z^;^ Conji,) 
and CD is common to each of the triangles ecd, fcd. 

The three fides of the triangle ecd being, therefore, 
equal to thi^ three fides of the triangle fcd, each to each, 
thie angle EUC Mrill, alfo, be equal to the angle fdc 

But one right line is perpendicular to another when 
the angles on both fides of it are fequal {Def, 8.) ; there- 
fore CD 19 pefpendifcular to ab \ atid it is drawn from thel 
Joint -D als was to be done. 

Scholium. If the giveh point beat, or riear^ the end 
•i AB,- the line muft be produced, 

C PROP, 
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PROP. XIL Problem. 

I 

/ , 

To diraw a right fine perpendicttlajr to a 
given right line, of an unlimited length,, 
from a given joint without it. 




lS^-»t^ 



Let AB be the given right line, and c the given point.; 
it is required to draw a right line front the. ppint c^ 
that (hall be perpendicular to ab. 

Take any point d, in ab, and from that point, with 
the diftance DC, defcribe the circle CG£, cutting ab 
in c. 

Join GC, and from the point G, with the, diftance QCf 
defcribe the circle n z m^ cutting the former ini £« 

Through the points c, e draw the right line QFE, cut* 
ting ab in F, and CF will be perpendicular to ab, as w^» 
required. 

For, join the points d, c, d, £,. and C« 3 : 

Then, becaufe DC is equal to D£, GC to G£ (D^ \S,\ 
and DC common to each of the triangles. DCG, l>hG^ tjbA 
angle CDG will be cqjHaltp the angle CD£ {Prtipu 7.V 

And, fince dc is equal to de, df common to. eacli^ 
of the triangles dcf, def, and the angle CDG equal 

to 
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to the ahgle gdx« the angle dfc will alfo be equal to the 
ingk pJf« (Pro/«4.) 

But one Kne is ^rpendiciilar to another when the angM 
en both fides of it are equal {Jkf. 8 ) ; t^ierefbre cf is 
perpendicular to ab ; and il ii di^wn from iSat point e, 
as wai to be done- 



PROP. XIII. Theorem. 



The angles which one right fine makes 
with another, on the fame fide of it, are to- 
gether equal to twa right anjgles. 




Let the right line ab fall upon the right line CD ; then 
iriil the angles ABC, ABD, taken together, be equal to 
iwxy right angles. 

For if the angles abc* abd be equal to each other, 
l!ief will be, each of them, right anglfei [Def. 8 and 9.) 

But if they be unequal, let eb be drawn, from the 
point B, perpendicular to CD {Prop. 11.) 

Then, fince the angles ebc, ebd are right angles* 
{Def. 8.}, and the angle Ebd is equal to the angles eba, 
abd {Ax. 8.}, the angles ebc, eba 3nd ABD will be 
ecpaX to twt> right angles. 

C« Biit 
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. But the angles £3 c, £BA are, together, equal to thd 
angle abc {Jx. 8.); confequently the anglfen a^bc, abjo 
are^ alfo, equal- to two right angles. Q^ £. D. - 
; CoROLL. All the ingles which can be made,, at any 
point B, on the ^ fame fide of thcjright line CD, zic^ to* 
gether, equal to two right angles. . .,. ^ . ^^v; ; . 



PROP. XIV. Theorem. 

... • • ' 

If a right line meet two other right lines, 
in the fame point, and make the angles on 
each fide of it together equal to two right 
angles, thofe lines will, form one continued 
right line. 

A 




Let the right line ab meet the two right lines cb, bd^ 
at the point b, and make the angles abc, abd together- 
equal to two right angles, then will bd be in the fame, 
right line with CB. . , 

For,, if it be,oot» let fome pther line b£[ be in the fame 
right.linf^with cj^. 

Then, becaufe Uie right line ab falls upon the right 
line CBE,.the angles abc, abe, taken together, are equal 
to two right angles {ProJ>. 13.) 

But the angles abc, abd are alfo equal to two right 
angles {by Hyp.) ; confequently the angles ABC, ABE arc 
•(^ual to the angles abc, abd. . ' 

And, 
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And, if the angle abc, which is common, be taken 
away, the remaining angle ABE will be equal to thenS- 
maining angle abd ; the lefs to the greater, which is 

abfurd^ 

The line b e, therefore, is not in the ; fame right Hi* 
with CB ; and the fame may be proved of any other iine 
but B D ; confecjuently cb n is one continued right line, as 
was to be fliewn. 



»• ■« *^- 



•P^RO*P. XV. *• Theorem. 



T r 



If two right lines interfe6l eachotlier, t^e 
bppofite angles will' be equal. 




Let the two right line^ ab, cd interfeft each other in 
the point E ; then will the angle aec be equal to. the 
angle deb, and the angle aed to the angle ceb. 

For, fince the right line CE falls upon the right line 
AB, the angles aec, Ceb; taken together, are equal to 
two right angles {Pr5^. 13.) , ' 

And, becaufe the right line be falls upon the right 
line CD, the angles bed, ceb, taken together, are alfo 
eqnafto two right angles [Prop. 13.) . 

The angles akc,* ceb, taken togetW, are, therefore, 
equal to the angles bed, ceb taken together {Ax. 1.) 
' - C 3 And. 
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And, if this sngle c£b, which is coramon, Ixs tdcen 
»way» the re»»ining angle aec will be equal to the re<- 
gaining angle 9£i> (<^«r. 3.} 

And, in the fame manner, it may be (hewn that tht 
angle A£D i» aqual to the angle ceb. Q. £. D. 

Co ROLL. All the angles made by any number df right 

lines, nweting ia a point, are together e^ual to four rigbt 
angles* 



PROP. XVL THitORfiM. 

/ • 

. If one fide of a triangle be produced^ the 
oujtward angle will be greater thian either of 
the inward oppofite angles. 




Let ABC be a triangle, -having the fide ab produced 
%o D ; then will the outward angle cbd he greater than 
either of the inward oppofite angles bac or acb* 

For, bifeft bc in e {Prof, lu.j, and join ae ; in 
which, produced, uke ef equal to ae {Prop. 3.}, and 
join BF. 

Then^ fince ae is equal to ef, kc to eb {byConJi.) 
and the angle A EC to tiiC angle bef {Prof. 15.), the angle 

ace will, alfo, be equal to the angle ebJf [Prof. 4.) 

But 



BOOK TH^ 7X1RST. S3 



Buuh^aogle cbd in /^r ca te r tha n tfaevigic £kF; ion^ 
fequently it is alfo greater than the angle ac£. 

And, if c'm -be prodkibed to ^^ «ad ab be ^ifefied, it 
may be Aewii^ hi like n»nfjet, that the angle abg, <ir Ht 
^ijM CSD, k ipreater th«n CABr Q. £. D. 



P tl O P. XVil. Ttizron^M. 

The greater fide of every triangle is oppo* 
fite to the greater angle ; and tlie gr^pater 
angle to the greater fide. 




Let ABC be a triangle, having thb fide ab greater thai^ 
tlie Tide AC ; then wiH th^ angte ACB fee girfeaier thin the 
angle abc. 

^or, fince Ail ik ^eatier than AC, let X)> 1t>e taken equal 
to AC [Prop. 3.), and join CD. 

llien, finct €D!k is a triangle, the butw^ aihglb A DC is 
greater thin the irivrsfrd oppofite angl^ Die (^riip. 16.) 

But thb angk Acb is equal to the angle A DC, becaufe 
AC rii eqiial to a^ ; confequiehily the khglc acd w, alfo, 
^iter than D3C or abc. 

And, iince XcD ii only a part of acb, the Whole angle 
ACB muft be much greater than the angle ABC. 

Again, let the angle acb be grater than the angle 
ABC, then wiH the fide ab be greater than the fide A€. 

C 4 For 
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* 

For, if AB be not greater %ia Ae, itfliuft be either 
equal or lefs. > . >,-, ; 

But it cannot be equal, for then tfae-angle AC b would 
be eqaal to the angle abc (P/v^.'5^)i.which-it is not. 

Neither can it be lefs, for theft- theanglc age woiiW be 
lefs than the angle abc [Prop, 17.), which it is not. 

The fide ab, therefore, is neither equal to AC, nor lefi|| 
f ban it; cpnfequently it i](iiril be greater, iQ.E. D. 



PROP. XyilL Theorem. 

• i 

Any two fides of a triangle, taken toges 
ther, are greater than the third fide. 




Let. ABC be a triangle.; then v^pj.any two fidj^s of it| 
taken together, be greater than the third fide. 

For, in AC produced^ take CD equal tp-cp [P^^P* ?0i 
and join bd. 

Then, becaufe cd is equal to o^ {by cgnfi^y thp apgle 
cpB will be equal to the angle cbdi [Frop. 5.) . ^, 

But the angle abd is greater .than the angle ^bd, 
confcquently it muft alfo b.e greater than th^ angle 4>D9. 

And, fince the greater fide of- every triangle, is ojj- 
pofite to thp greatpr angle {Prop. 17.}, the fide ad is 
greater than the fide ab. 

But AD is equal to AC and CB taken, togptber (iy. 
fon^.) J therefore AC, cj^ are alfo. greater than ab» * 

^ , ^ ; And, 
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And, in the Tame manner, it may be (hewn, that any 
0ther two Tides, taken, together, are greater > thaa the 
'/third fide, Q,E,D. 



P.R O Pt ^IX. Prqbjlem, _ . . 

To defpribe ^ triangle, whofe iides ftiall 
be equal to three given right lines, provided 
any two of them, taken together, be greater 
Jl^an the third. 




Let A, B, G be the three given right lines, any two of 
'"^Which, taken together, are'greatei' tHan the third ; it is 
required to msie a triangle whbfe fides fliall be equal to 
A, B, c refpeftively. 

Draw any right line dg ; on which take de equal to A, 
JEF equal to b, ^nd FG equal to c {Prop. 3.) 

From the point e, with the diftance ed, defcribe the 
/circle khd, cutting dg in k; and from the point f, 
^ith the diftance FG, defcribe the circle ghl, cutting 
pc in L. 

Then, becaufe £G is greater than ed (by Hyp.), or its 
^qual EK, the point G, which is in the circumference of 
, t)\p circle gh|-, will fall without the circle khd. 

And, becaufe fi) is greater than FG (hy Hyp,), or its 
(equal fl, the point d, which is in the circumference of 
^ cifc}^ KHi>^ will fall without the circle ghl. , 

Put 
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Sm^iifce^pmt of 4te circle ent iaib whhbot the 
idrdto kI^D^ wd apart lof ihe cirde khi> FaHs widitm 
the circle ghl, neither of the circlet tiin be techtcted 
within the other. 

Again, becauie de, fc, or their equak £ic» fl are, 
together, gre^iter than ef X^ ^•)» ^^ ^^ circles can 
neither touch nor faily without each other. 

They ihUft, thertfoi^, «ift Oftt ^(iAodter, ih tbntt ^wint 
^\ "aM, S tte ti^t liiM^ s«, Ftt bt araw^> Eiit ¥rill be 
tte triongie ireqiuteav 

For, fince e is the centre of the circie khd, eh is 
equal to ed {Def. 13.) ; but ED is equal to A (^ Conft.) ; 
therefore eh is alfo equal to A. 

And, becauie f is the centre of the circle ghl, fh is 
equal to fg {D^. IS.) ; but lo is equal to c {by Canft.) ; 
therefore fh is alfo equal to c 

And fince ef it, likewife, equal to b (by Ca^/l»)^ the 
three fides of the triangle eh F are relpeiSively equal to 
the three ^iven lines A» B, c» which was to be Iliewn. 



fROP- 
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PROP. XX, Problem. 

At a given point, in a given right line, 
to miijke a re6iilineal angle equal to a given 
^)d4ltlwfal an^. 





Let D£ be the given right line, D the given point, and 
BAG the given re£lilineal angle » it is rei|uired to make an 
angle at the poin^ that ikall be fqiud to jiac. 

Take gny point f in ab, and Crom the point a, at the 
diftance ^r, defcribe the circle FG^, cutting Ac in g ; 
and j^in JiQ. 

M^e DK equal to af, and K£ equal to r G (Prep. S.) ( 
and from the points d, k, at the diAancei 1>k, kjl, de- 
fcribe the circles KX.r and nhm^ cutting each other in l. 

Through the points o, h draw the right line DN, and 
the angle :^dn will be equal to bac» as was required. 

Fpr, join KL ; then fince AG is equal to af {D€f. IS.), 
and AF is equal to DK {by C^tft.)^ AG will idib be e^ual 
toDVi{Jx. 1.) 

But DK is equal to DL{Def. IS.) ; confequQntly AG ii 
alfo equal to D|< (Ax. 1.) ; and FO is equal to K£ Or Kl. 

The three fides of the triangle dkl are, thereforeii 
equal to the three fides of the triangle afg, each to each j 

whence 
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whence the angle kdl is equal to the angle fag, or BAe 
{Prop. 7.) ; ^nd it is made at the point p, as' was to be 



• p Ad'p/::5JXi: 'TheoIem. . 



•■«■■, 






PREM 



If two triangles be mutuallj-^uia*^lar, 
and have two correfponding fides equal to 
each other,^ tl^ ^ other correfpotiding fides 
will alfo be equal, and the two triangles will 
be equal in alj refpefts, — \ 



i':*. ' i! "■'•■■. : ic, ■• 




Let the triangles abc, def be mutually* equiangular, 
and have the fidef AB;eqtial 'to the fide bfi ; then will the 
fide AC be alfo equal to the fide df, the fide bc to the 
fide EF, and the two triangles will be equal in all refpefts. 

For, if AC be not equal to df, one of them mull be 
greater than the other ; let AC be the greater, and make 
AG equal to df [Prop. 3.) ; and join BG. 

Then, fincc the two fides ab, AG, are equal to the 
two fides DE, DF, each to each, and the angle gab in 
«qual to the angle FDE {by Hyp.), the angle abg will, 
alfo, be equal to the angle- def {Prop, 4.) 

But the angle def is equal to the angle abc {iy Hyp.) ; 
confequently the angle abg will, alfo, be equal to the 
«ngle ABC, the lefs to the greater, which' ir abfuird. • • * 

I The 
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.(trhe fide AC, therefore, cannot be greats than the fide 
DF ; and, Jn; the Tame' manner, it may be &ewn that it 
cannot be lefs ; confequently it mull, be equal to it. 

Andy fuice the vwo fides AC, • ab^, are equal to the two 

fides DSj D£,^ eaph to each^, and the angle cab is equal 

to the angle tfps^Jthe. fide :6c wiU alfo be equal to.j^h^ 

^de EF, and the two triangles will be equal in all refpefiar 



v« '^ *■ 



PROP. XXII. Theorem. 






- If a^ right line interfefl two other, right 
Jihe*^ andojaake the alternate angles equal to 
each other, thofe Unes will be parallel, i . : 




Let the right line ef interfeft the two right lines ab, 
CD, and make the alternate angles aef, efd equal to 
each other ; then will ab be parallel to CD. 

For, if they be not parallel, let them be produced, and 
they will meet each other, either on the fide AC, or on the 

fide BD {Def.20.) 

Suppofe them to meet in the point g, on the fide bd. 
- Then, fince fge is a triangle, the outward angle aef 
is greater than the inward oppofite angle efd {PrcpK 16 J 

But 
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But this aui^9, A£F, EfB^z^ equal to each- ot)xer||^ 
Hyf.); whence they are equal 9ni unequal at the feme 
time, which k* aWwd. * 

The lines AS, C]^, fberefoipe, cannot meet 6il the fide 
Mik ; and, in the ^xme manner, h may be fhewti that they 
eannot meet oti the (ide AC; confequeAdy they mxxA be 
jparallel to each otber (Z)^. ^.) Q.E.D. 

C o R o L L • Right lines which are peipendBcuhor t# tb# 
fame right line are parallel to each other. 



PROP. XXIII. Thzorbm. 

If a li^kt Kne interim twa ^ther light 
£ae% and make the outwMd akngie 6qual to 
the inMravd oppo&ts cue, on the hme fide ; 
or the two inward angles, on the fame fide, 
together equal to two right angles, thofe 
lines will be parallel. 




Let the right line if interfeft die t^pro ligjxt lints A8# 
CD, and make the outward angle egb equal to the in- 
ward angle CHD; or the two inward angles bgu, GHD 
tDgether equal to two right an^s ; thui will AB be pa- 
rallel to. C]>, 

For, 
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(ifk /^)^ amk tiwb aa^leat Aon, £GB are; sM» e^ ink toi 
each other (Prop. 15.)« ^ ang^e AGH;ifitt be ex{ual !» 
the angk* GHi> ( Ji^ 14 

fim Mihta a righti Ine int^rfeflcs^ two olkcr ri|^' Kiic% 
and makes the alternate angles equal' to ^oh othor, thofo 
lioM witlfbe pardttdb {Jhsop. ^.) ; therefora A» ia parallel 

Again, (ince the angles bgh, ghd are, togediitr, eqmaB 
t^tswo right angks {ij Hyp*)^ and ac», »gh aie, ad(b, 
ei|ual ta two light aagtes^ (PYop. \S.) the angles AGH, 
BGH will be equal to the angles bgk, ghd {Ait. K) 

ilmd^ if she cuaunon an§le ftGii be. tak^a avmy, the 
remaining angie AGiiwill beequal tothecemaiaing angi# 
G»D. (vdb» S^} 

But thefe are alternate angles : therefore, in this cifis^ 
4k»wiUvaUbrbepasaM.to^CD (JPr^. 2^.) C^KJH; 

PROP. XXIV. Theorem. 

If a right line interfeft two parallel right 
lines it will make the alternate angles equal 
to each other. 




Let the right line ef interfeft the two parallel right 
lines AB, CD; then will the an^^le aef be equal to the , 
alternate angle £fd» 

J^ For 
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For if they .'be not equal, one of them miift be'greaft/ 
than the other ; let £FJD be the greater; and make the' 
«ngb J5FB equal to aef {Prof j 20.) 

Then, fince ab, cd are parallel, the right line fb," 
\yfaich ia^erfeSs cdj. being produced, will meet abt iri 
fomiSrppipt B (P^. 4i)' . • * 

Ani^ fi]^^ £FB is a triangle,' th^ outward angle aef 
will be greater than the inward oppofite angle, efb 

. £ut the angles aef,^ efb ar6 equal t6 each other (iy 
Copjtn) whence they are equal and unequal, at the fame 
time, .which is abfurd. ^ 

The angle £F0, therefore^ is not greater than the angle 
AS F ; and, in the fanle manner, it may be Ihewn that it ig 
not lefs ; confequently they muft be equal to each others 

q:e-D- 

CoROLt« Rigiit lines which are perpendicular to out 
of two parallel right lines^ are alfo perpendicular to the 
other. 
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PROP. XXV. Theorzm; 

I 

I 

If a right line interfed tSvo parallel right 
lines, the outward angle will be equal to the 
Inward oppofite one, on the fame fide ; and 
the two inward angles, oh the fame fidej will 
be equal to two right angles; 




. .. ' » . • ■ . ■■. . * ' 

/ L^ the right line kip interfeflt tb& two parallel right 
lines AB9-CD ; then will the* outward angle egb be equal 
to the inward oppofite angle CHD ; and the two inwand 
angl^ B6H, CHD will be e^ual^o two right angles. 

For, fince the right line xf .int^fe£b the two ^ailel- 
Hght lines ab; CD, the angle agh will be equskl ia 'the. 
alternate angle ghd {Prop, s^i.) 

But the angle agh is equal to the oppofite angle eob 
{Prop. 16.) ; therefore the angle £GB wiU,alfo| be equal, 
tothe ati^e ghd; 

Again, Qnce the right Ihie bg falb upcm the right line, 
isp, the angles egb, bgh, taken together, are e^nal xo^ 
two right angles {Prop. IS*) 

But th^ angle j^gb has been fliewn to be equal to the 
«hgle ^Hl>; therefore, the angles bgh, ghd, taken toge- 
ther, will, alfo, be equal to two right angles* Q. EvD. 

D r COROLL» 
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CoROLL. If a right line interfeft two other right linen f 
and make the two inward angles, on the fame fide, toge- 
ther lefs than two right angled, thbfe lines, being produced, 
will meet each other. 



PROP. XXVI. Theorem. 

* Right lines which are parallel to the fame 
right line, are parallel tp. each other. 




Let the right lines ab, cd be each of them parallel to 
EF^ th^n will AB be parallel to cd. 

For, draw any right line GK, cutting the lines ab, kf, 
CD, in the points G, h and k. 

Then, becaufe ab is parallel to bf (i^ ^yp')* ^^^ oir 
ititierfc&s them, the angle agh is equal to the alternate 
angle ghf (Prap. 24.) . 

And becaufe cd is parallel to sf (iy Hyp')f and hk 
interfeds them, the outward angle ghf is equal to the 
inward angle hjld {Prop. 25.) 

But the angle agh has been (hewn to be equal to the 
angle GHf ; therefore the angle aGK is alfo equal to the 
angle gkd« 

And, fince the right line GR interfeds, the two right 
lines ab, cd, and makes the angle agk equal. to the 
alternate angle GKD^ AB will be parallel to SJ>, as was 
to be (hewn. 

PROP. 
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* ^kdi*: XXVli. Problem. 

• I'hro^gh a given point, to draw a right 
line parallel to a given right line. 




. Let AB be the given right line, and c the given point ; 
It is required to draw a right line through the point c that 
fliall be parallel to ab. 

Take any point d in ab,, and make db equal to DC 
{Pr^» S.y-f and from the points c, £» with the diilances . 
€i), ED, aefcribe the arcs rx, rtrri, 

ihtiiy Jince any two fides of the triangle ecd are, to- 
gether, greater than the third fide (Prop. 18.), thofe arcl 
will mterfe£l each other (Prop. 19.). 
• Let them interfefl at f ; and through the points f, c, 
draw the line gh, and it will be parallel to ab, at was 

x(tmured< , r 

For, Jince the ficles cf, fs ot t&e triangle £fc are 
each equal to the fide cd, or DS, of the triangle cde, {fy 
Confi.) and so is common, the angle Sep will be equal 
to the angle ced {Prop. 7.) 

But thefe are alternate angles ; therefore gh is parallel 
to ab (Prop. 24.) ; and it is drawn through the point c, 

aii was to be done. 

^ ■ . . ■ . 

D« PROP. 
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PROP. XXVIIL Theorem, • 

7^ If one fide of a triangle be produced^ the 
outward angle will be equal to the two in- 
ward oppofite angles, taken together; and 
the three angles of every triangle, taken to- 
gether, are equal to two right angles* 




Let ABC be a triangle, having one of its fides Ab pro- 
filaced to D ; then will the outward angle cbd be equ^il to 
the two inward oppofite angles bca, cab, taken toge- 
ther ; and the three angles bca, CAb and abc» taken to^ 
gether, are equal to tVro right singles. 

For through the point B, draw the right line BE parallel 
io AC (jPr^. 28.) 

Then, becaufe be is parallel to ac,. and cb ihterreSs 
Iheni, the angle cbe will be equal to the ahernate angle 
BCA(Pr^,«4.) 

And becaufe BE is ptodlel to AC, and Ad imerfe£lfe 
them, the outward angle xbd Will be equal to the illwafi 
angle cab {Prop. 25.) 

But the angles cbb, ebd are equal to the whole iaiigle 
CBD; therefore the outward angle cbd is equal to the 

two inward oppofite angles bca, cab taken together. 

And 
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. And if, to thefe equals, there be added the angle abc, 
the angles gbd, abc, takjsn together, will be equal to the 
three angles bca, cab and abc, taken together. 

But, the angles cbd, abc, taken together^ are equal t^ 
(two right angles {Prop. 13.) ; confequently the three an- 
gles BCA, CAB and ABC, taken together, are alfo equal to 
two right angles. 

:. CoROLL. 1. If twx> angles of one triangle, be equal 
to two angles of another, each to each, the remaining 
angles will alfo be equal. 

CoROLL. ^. Any quadrilateral may be divided into 
two triangles; therefore all the four angles of fuch a 
$gure, taken together, are equal to four right angles. 



. PRO P. XXIX. Theorem. 

Right lines joining the correfponding ex- 
tremes of two equal and parallel right lines 
are themfelves equal and parallel. 




Let AB, DC be two equal and parallel right lines; then 
will the right lines ad, bc, which join the correfponding 
extremes of thofe lines, be alfo eqiial and parallel* 

For draw the diagonal, or right line Ac : 

Then, hecaufe ab is parallel to dc» and AC interfe£ls 
them, ^hie angle dca will.be "equal to the alternate angle 
CA^fFr*^.a4.)' 

D$ And, 
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■ And, . becaufe ab is equal to DC {by Hyp^), AC corn* 
Won t^ each of the triangles abc, adc, and the angle DC A 
equal to the angle c A b , the fide A d will alfo be equal to the 
4ide BC» and the angle dac to the angle acb {Prof.4^.) 

Since^ therefore, the right line AC iftterfe6ls thetwo 
right lines ad, bc, an.d makes the alternate angles equal 
to each other, thofe lines will be parallel (Pf^, 2B.) 

But the line ad has been proved to beequal to the line 
3C I confequently they are both equal and parallel Q.E.I>, 



-r 



The oppofite fides and angles of any paral-^ 
lelogram are equal to each other, and the 
diagonal divides it into p^o equal parts. 







Let ABCD be a parallelogram^ whofe diagonal is ac f 
then will its oppofite fides and angles be equal to each 
dther, and thp diagonal AC will divide it into two equal 
parts. 

For, fince the fide ad is parallel to the fide bc {Deff 
|^£,), and thie right line Ap interi!e&s them; the ^gle gAC 
will b.e equal to the aHern<ue angle acb {Prop, 24.)' . • 

And, becaufe th^ fid^ dc is parallel to the fide aji 
{Def, 22.)y and AC ioterfefls them, the angle 9CA |vill 
be equal to the alternate angle, cab {Prop. ^4.) 

Since^ th(?ff fpue, ibp twp afigl^^ d ac^ dc a^ ar^ equal 
to the two angles acb, cab, each to eac|i, the.r^ai^ing 

angle 
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irigte ABC will alfo be equal to the reihaining angle abc 
{Prop. 29. Cor.) and the whole angle dab to the whole 
kngle bCB. 

But, the triangles CD a, abc, being mutually equian* 
gular, and having AC common, the fide dc will alfo be 
equal to the fide AB, and the fide ad to the fide bc, and 
the two triangle! will be equal in all refpe£ls {Prop 21.) 

Q.E.D. 



PROP. XXXI. Theorem. 

ParaUelograms, and triangles, ftanding 
upon the fame bafe, and between the fame 
{^rallels^ are equal to each other. 




Let AE, Bi^ be two parallelograms ftanding upon the 
fame bafe ab, and between the fame parallels ab, de ; 
tl^n will the parallelogram ab be equal to the parallelo* 
gram bd. 

For, fince ad is parallel to BC {De/. 22,), and de in- 
terfefls them, the outward angle ecb will be equal to the 
inward oppofite angle fda {Prop. 25.) 

And, becaiife af is parallel to be {Def.22,), and d£ 
interfe6ls them, the outward angle afd will be equal to 
the inward oppofite angle bec {Prop. 25.) 

Since, therefore, the angle ECB is equal to the angle 
^PA^ and the angle afd to the angle bec, the remaining' 
.*. O >l 4 D4 angle 
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angle cbe ^11 be equal to. the remaining angk 'l>Af 
(Prop. 29. Cor. 1.) 

But the fide ad is alfo equal tp the fidq bc (Prtf.kl.) j 
fionfequently, iince the triangles A^^ » fCfi lure mutually 
equiangular, and have tvro ccorefptonding fides equal tp 
^ch other, they will be equal iii all rcfpe&s {Prop* 2 1 .} 

If, therefore, from the wbc^e figure abei>, there be 
taken tbe triangle bc£, ther^ will remain the parallelogran^ 
BD ; and if, from the fame figu^, there be taken the trir 
^gle ASF, there will remain the parallelogram ae. 

But if equal things be taken from the fame thing, the 
remainders will be equal ; confequently, the parallelograiu 
AE is equal to the parallelogram bd. 

Again, let abc, abf be two triangles, ftanding upon 
the fame bafe AB, and between the fame parallels, aB, 
CF ; then will the triangle ABC be equal to the triangle 

ABF. 

For produce cf, both ways, to d and £, and draw ad 
p^allel to BC, and be to A f {Prop. ^8.) 

Then, fince 9D,A£» are two parallelograms, (landing 
upon the fame bafe ab, and between the fame parallels 
A By i>£9 they ar^ equal to each other {Prop. $2^) 

And, becaufe the diagpnals AC, bf bifeA them {Prcf. . 
Sl.)> the triangle ABC wiU alfo be equal tp the triangit: 
ABF. Q.E.D. 



PROP. 
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PROP. XXXII. Theorem. 



If a pfarallelogram and a triangle ftand 
upon the fame bafe, and between the fame 
parallels, the parallelogram will be double 
the triangle, 




t 

Let the parallelogram AG and the triangle aeb ftand 
upon the fame bafe ab, and between the fame parallels 
ab,.de; then will the parallek^am AC he double the 
trilmgle AEB. 

. For join the points B, d ; then will the parallelogram 
AC be double the triangle adb, becaufe the diagonal Di( 
divides it into two equal parts [Prop. 31.) 

But the triangle adb is equal to the triangle aeb, be* 
caufe they ftand upon the fame bafe ab, and between the 
fame paralleb ab, de {Prop. 32.) ; whence the parallelo- 
gram AC is alfo double the triangle aeb. Q.E.D. 

CoROLL. If the bafe of the parallelogram be half that 
of the triangle, or the bafe of the triangle be double 
that of the parallelogram, the two figures will be equal to 
each other. 



PROP. 
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PROP. XXXIII. Problem. 

To make a parallelogram that ftiall have 
its oppofite fides equal to two given right 
lines, and one of its angles equal to a givep 
reftilineal a,ngle. 





Let AB and C be two given right lines, and D a given 
re£lilineal angle ; it is required to make a parallelogram 
that (hall- have its oppofite fides equal to ab and c, and 
one of its angles equal to p. 

At the point A, in the line ab, make the angle baf 
equal to the angle D {Prop. 20.) and the fide AF equal 
to c {Prdp. 3.) 

Alfo, make fe parallel and equal to ab {Prop» ^8 and 
S.}, and join BE ; then will AB be the pai^lelogram re* 
quired. 

- For, fince f £ is parallel and equal to ab {iy Conjt.]^ 
.BK will be parallel and equal to AF {Prop. SO.) ; whence 
the figure ae is a parallelogram. 

And, becaufe AF is equal to c ^ Co^ft*) be will alfo 
be equal to c ; and the angle baf was made equal to the 
angle P, 

The oppofite fides of the parallelogram a 15 are, there- 
fore, equal to the two given Jines ab and c ; and one 
of its angles is equal to the given angle D, as was to be 
dop^. ., 
• ' . PROP. 
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• T • .... 

" 'If tW6 fides of h tfiahgle be bife6led/ the 
jright line joining the points of bifeftiori, will 
J>e parallel to the 1i>afe, and equal to one half 




Let iifiC-t^e a triangle, whofe jBdes ca^ cb are bifcfled 
ilk the points !>♦ £; Jthen willtjie right line de, joining 
thofe point3» be parallel to ab, and equal to one half of it. . 
. For, in D|t produced, take ef equal to ed {Prop. S.), 
andjbinBFS ; ' ... .... 

Then, finceiEC is^equal.toriE* (^;^ JBf^.) ed to. ef 
{by Conji.) and the angle dec to the angle bef {Prop* 15.), 
.the fi^e bf;i^1U alfo.be.e^ual iQ the fide DC,<or its eq\ial 
DA, and the angle efb to the angle ej>c, (Pr«/. 4.) 

Andi ^)ec^e the rigl^; lin^ p,f imterfefts th^ twQ right 
lines ci>, .^B.^nd/H^akes th|^ angle edq equal to tbe 
alternate angle .£F9t, bf ^'xW, beh^rallel to |>g or pA' 
(iV^. 24*>.;r ... , .; ., •■ '. ^ .: ;. 

. The .right Jinfi9r.3F, A0, tberpfoje, being equal and 
parallel, tJi^^Jines df> ab, joining theif extremesj • yvill 
^lfo^be e^uaj^ and pai:allel. (Pr^/. §Pi.) ; ;, .... ^ ^ . ' ; .< 

But df is the double of de {byConft,}\ confequently 
^B is ^j(b i\^ double of p.£ y ti^ is de is Mie half pf ab> 

^: qP R O P. 
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PROP. XXXV, . Pao]^f EM,, 

To 'divide a given finite right line into any 
propofed number of equal parts* 




Let AB be the given'rlght line; k Is required to divide 
it intb a certain propofed number of equal parts. 

From the point a, draw any right line a;c, in which 
take the equal part^ ad, oe, ec, at pleafure, {Prop, S.) 
to the number propofed^ 

Join BC; and parallel thereto draw the right lines EF, 
DG, (Prop. ^8.) cutting AB, in f and G ; then will AB 
be divided into the fame nuniber of equal parts with AC, 
as was required. 

For take eh, ck, each equal to dg {^Prop. 5,}, and 
join D, H and £, K. 

Then, fince dg is parallel to ef {hyCon/l,)i and AE 
interfe£ls them, the outward angle adg will be equal t6 
the inward oppofite angle deh [Prop. 25.) 

And, becaufe the fides ad, dg of the triangle agd» 
are equal to the fides D£, £H of the triangle dhe (hyConft.)^ 
and the angle adg is equal to the angle deh, the bafe AG 
will alfo be equal to the bafe dh, and the angle dag to 
the angle edh {Prop. 4.) 

But, fince the right line AE interfeAs the two right 

lines, AG, DH, and makes the outward angle edh equal 

9 to 
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Co the inward oppofite angle dag* dh will be parallel to 
AG or GF {Prop. 2S.) 

And» in the fame manner it maybe (hown, that £k Is 
equal to AG, and parallel to AG or FB« 

The figures gH| f k,. therefore,. being parallelograips, 
the fide oh will be equal to the fide gf, and the fide £K 
tothefidC:IB (JP;^^61,) •: 

But DH, XK have been each proved to be equal to AG ; 
confequefttly gf, fb afe, alfo, each equal to AG ; whence 
the lin^ AB is divided into the fame number of equal parti 
with AC, as >ras u> be done. 
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DEFlNITlbNS. 



1. A reflaingle is a parallelogram whole angles are alt 
right aiigles- ^ 



• t » 



- « 11 1 1 1 



r ( 

i. .J 



2. A fquare is a re£langle, tHiafe fides are all equal w 
each other. 




3. Every reflangl^ is faid to be contained by any t^o' 
of the right lines which contain one of the right angles« 





« 

4-. If two right Imes be drawn through any point in 
the diagonal of a paiallelogram, parallel to its oppofite 
fides, the figures which are interfe£led by the diagonal are 
called parallelograms about the diagonal. 




5. And the other two parallelograms, which are n<H 
interfe£led by the diagonal, are called complements to the 
parallelograms which are s^out the diagonaL 



1 



-* ••• . J 



e. In 
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; ^* In evejy parallelogram, either of the two parallelo* 
grams about the diagonalvtogj^jt^r with the two. comple« 
meiitft, is called a gnompn.; 



1 • 



rc:^ 



] 



"<■ 



7. Thei altitlidci of any £^ure in a perpelidicul|ir drawa 
from the vertical angle to the bafe. < .. . 
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Upon a given right line to defcribe a fquare. 




Let AB be the given right line ; it is required to defcribe 
a fquare upon it. 

Make ad, BCf, each perpendicular and equal to ab 
(I. II and 3.)^ and join bc; then will ac be the fquare 
required. 

For, fince the angles dab, abc are right angles (fy 
Conft.)^ AD will be parallel to BC (1. 5?^ Cor.) 
' And becaufe AD, BC are equal s^id parallel, ab, DC 
will, alfo, be equal and parallel (I. ^0.} " 

But AD, BC are each equal to ab {byCor^t.) ; whence 
AD, AB, BC and CD are all equ^ tQ each other. 

The 
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'The figure AC, th^efore, 19 an equilateral paraltelogram ; 
and it h^, tikewife, all its angles Hght angles; 

For the angle dab is equal to the angle DC8, and thd 
angle abc to the angle adc (I. SO.) 

But the angles dab, abc are right angles {iy Conft.) ; 
confequently the angles dcb, adc are, alfo, right angles. 

The figure ; AC, tharefore, 1>eing both equilateral and 
re£langular, is a fquatei and it is defcribed upon, the linl^ 
ab, as was to be done. 



PROP* Iti TflioREMi 

Heflangles and. Squares contained under 
equal lines are equal to each otben 





Let bd, FH be twd re£langies, having the fides ab, b6 
equal to the fides £f,. fg, each to each; th^n Will the 
te£bngle bd be equal to the re£langle f h; 

For draw the diagonals ac^ eg : 

Theuj fince the two fides AB, bC are equal to the two 
fides EFj.FG, each to each (iy Hypi)^ and the angle B ii 
equal to the angle F (I. 8.), the trian^e Abc will be equal 
to, the triangle tFG (L 4.) 

But the diagonal of every parallelogram divides it intd 
two equal parts (I. 30.) ; whence the halves being equal; 
the wholes will allb.be equal; 

The re£langle bd is^ thereFore, equal to the re£langte 

F H ; 9ind in the fanie manner it may be proved when the 

figures are fquares. Q.E^D^ 

PROF. 
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PROP. III. Theorem. 

The fides and diagonals of equal fquares 
Ate equal to each other. ' 




A I- 




Let BD, FH, be two equal fquares ; then will the fidcj 
AB be equal to the fide bf, and the diagonal AC to the 
diagonal £G. 

Fof if AB, EF be not ^qual, one of them muft be 
gtefat^ thfiri the other ; let AB be the greater, and make 
BL, BK each equal to ef or fg (L 3.) ; and join LK. 

Then, be'eaufe BL ii equal to i^E, bk to F<i, and the 
ingle tBR. to the angle efo, being each of them right 
angles, the tiiangle blk will be equal to the triangle 
tEG (I. 4.) 

But the triangle FEG is equal to the triangle BAC, be- 
ing eacb of them the halves of the equal fquares FH, bd 
(I. SO.) ; whence the triangle blk is alfo equal to the 
triangle BAC, the lefs to the greater, which is abfurd. 

The fide ab, therefore is not greater than the fide ef ; 
)&nd m the fame manner it may be proved that it cannot 
be lefs ; confequently they are equal to each other. 

And becaufe ab is equal to ef, bc to fg, and the 
angle Abc to the angle efg (I. S.), the fide AC will alfo 
be equal to the fide eg (I. 4.) Q. E. D. 



£ 
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PROP. IV. Theorem. 



The fqu£^re of a greater line is greater than, 
the fquare of a lefs ; and the greater fquare 
has the greater fide. 




A 1L 




Lei the right line ab be greater than the right Ime ef ; 
then will bo, the fquare of ab» be greater than FH» the 
fquare of £F. 

For lince ab is greater than ef, and bc than fg {iy 
Hyp.)t take bk, a part of ba, equal to ef, and bl, a 
part of BCy equal to fg (I. S.) ; and join kl* 

Then, becaufe BK is equal to fe, bl to fg, and the 
angle kbl to the angle efg (L8*)» the triangle blk. will 
be equal to the triangle fge (I. 4.) 

But the triangle bca is greater than the triangle blk, 
whence it n alfo greater than the triangle fge. 

And fince the fquare bd is double the triangle bca, 
and the fquare fh is double the triangle fge (I. 30.), the 
fquare bd will alfo be greater than the fquare fh. 

Again, let the fquare bd be greater than the fquare 
FH ; then will the .fide ab be greater than the fide ef. 

For if AB be net greater than e f, it muft be either equal 
to it| or lefs ; but it Cannot bc equal to it, for then the 

fquare 
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fqui|pe.&D. would be equal to thj^ fquare FH {IL S.)^ 
which it it n^» 

Neither can it be lefs, for then tbe fquare bd would b< 
Ie£i than the fquare f h (IL 4.)» which it is not ; confe< 
quently aa U greater than ef, as was to be ihevsriu 

» ■ ... 

• * 

PROP. V. THfeOREM% i 

Parallelograms or triangles^ having equal 
bafes and altitudes, are equal to each other, * 





Let AG, EG be two parallelograms, havmg the bafe a a 
equal to the bafe ef, and the altitude dk to the altitude 
HL ; then will the parallelogram AC be equal to the pa- 
rallelogram EC. * 

For upon ab, ef, produced if neceflary, let fall the 
pnrpendicuhrs cm, on (L 12.) 

Then, fince md, nh are re3angular parallelograms^ 
the fide dc is equal to the fide rm, and the iide hg to 
ihe fide ln (L SO.) 

Bur DC is alfo equal to ab, andHG to ef (L SO.) ; 
therefore km is equal to ab, and ln to ef. 

And, fince AB is equal to ef {by Hyp.)^ km will be 
equal to ln ; and confequently the reftangle md is equal 
to the re£langle N h (II. 2.) ' 

But the re&mgle md is equal to the parallelogram AC, 
becaufe they ftand upon the fame bafe dc, and betweei^ 
•the fame parallels dc, am. , • . i 

Ej? And, 



./ 



And , for tlit fairt'e ^fcifcJtt, ^he reaangle i<[ h V ccjilal to 
the parallelogram eg; whence the jparallelogriiii AC ii 
equal tb'thiepai^iHciogrtirfi'EO?'^' ■ • 

Again, lir abd, e¥h' be tWd ' ttriaTigI*»,/teiving the 
bafe A3 equal to the bafe e r; . arid the ahSbmle 1>k to the 
altitude HL ; then will the triangle abd be equal to the 
triangle EFH^;,.a - / 

For, if the parallelograms ac, eg be compleated, they 
iriilbt e^ufl^o^ each odierviby^the former part of the • 
prQpofiUj)ij«..;>.; I : _ . : ^.^ . ■ • 

And fmce the diagonals, db, hf divide them in^o tw€^ 
equal parts (I. ^.)'thfi triangle 1^8 d will allb be equal to 
thetriangWEFH. ' , Q. E. D. 

CoROtL.^ Parallelograms or Triangles ftanding' upon 
equal bafes, and between the fame parallels, are equal ta 
•achotfieri "-::' ■ / 



I 



P R O P. yi. Theorem. 

# - . • 

The complements of the parallelogram* 
which are about thcj.di^gppal of any paral- 
lelogram are equal to each other. « 




Let AC be a parallelogram, and ak, kc, complements 

about the diagonal bd ; then will the complement ak be 

tqUal to the coniplement kc* 

For, 



'• /■• 



#(D•0K^( SH-B, aj^OJSfiy^ J ^ 



^ 



F^r fince ac is a paxallelograin, who{e4iageil»MsfbD» 
the uiangle D A.B>wiU be equal to the triangle bcd (I. 30^ 

And, becaufe £G» HF are alfo parallelograms, whofe 
diagonals are DK, KB, the triaa^e OGK will be equal to 
the tfi^r^te D£K« and the triangle kfb to the triangle 
KH3 (I. SO.) . 

But, fioce the triangles dgk, kfb are tog^her, equal 
to the triangles dek, khb, and the whole triangle dam 
tQ the fii^U triangle. i>cb, the retoaiaing psNt ak wiU be 
•fual to the liemaining part k.c. Q, £. IX 

PROP. VII. Theorem. 

Parallelograms which are about the diago* 
nal of a fquare aire themfelves fquares. 







Let BD be a fquare» and hit, f c parallelograms about 
its diagonal AC ; then willi thofe parallelograms alfo be 
fquares. 

For fince the fide of the (qiiare ab is equal to the fide 
BC, the angle cab will be equal to the angle acb (I. 5.) 
, And'becaufe the tight, line oh is parallel to the right 
liue cb, the angle ajs^h will alfo bet equal to the angle 
ACf (L ^^.) 

The angles cab, ak.h are, therefore,^ equzjto each 
other ; and confeqi^c^tly the fide ah is equal to the fide 
^K (I. 6.) 

ES But 
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. But tlie fide AH is equal to the fide eK, and the fide 
HK to the fide At (I. 30^); whence the figure he ia 
-equilateral. 

It has alfo all its angles right angles : 

For EAH is a right angle, being the angle of a fquare ; 
and HG, EF are each of them parallel to the fides of the 
lame fquare, whence the remaining angles will alfo be 
right angles (I. 25.) 

'■ The figure he, therefore, being equilateral, and having 

v«ll its angles right angles, is a fquare ; and the fame maf 

be proved of the figure f q^ Q. £. D^ 



PROP. VIII. Theorem, 



The reflangles cont?iined under a given 
liae and the feveral parts of another line, 
any how divided, are, together, equal to th« 
redtangle of the two whole lines. 



T — ? — ^' ^ 



Let A and bc be two right lines, one of which, BCr far 
divided into feveral parts in the points D, E; then will 
the reftangle of A and bc, be equal to the fum of the 
^fe6langles of A and bd, a, and DC, and a and EC* 

For niaHc bf perpendicular to bc (I. 11.) and equal 
to A (I. 3.)i i^nd^draw fg parallel tQ 9C, and dh, ei 

a]i4 
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«nd-CG each parallel to bf (I. 27.) producing them till 
they meet fg in the points H, i, G. 

Then, (incc the reflangle bh is contained by bd and 
BF (II. Def. 5.)^ it' is alfo contained by bd and a,, be- 
caufe BF is equal to A {by Conft.) 

Andf fince the re£langle di is contained by de and 
.BH, it is alfo contained by D£ and A, becaufe dh is equal 
to BF (L SO.), or A. 

Tde reflangle eg, in like manner, is contained by EC 
and A ; and the re£langle BG by bc and a. 

But the whole reflangle BG, is equal to the reflanglei 
BH, DI and EG, taken together;, whence the reftangle 
of A and BC is alfo equal to the reflanglea of a and bo» 
A and DE and a and £C, taken together. Q. £. D* 



PROP. IX. Theorem. 



If a right line be divided into any two 
parts, the re6langles of the whole line and 
each of the parts, are, together, equal to 
the fquare of the whole line. 




Let the right Une ab be divided into any two parts in 
the point c ; then will the redangle of ab, ac, together 
with the re£laugle of ab, bc, be equal to the fquare 
#f ab. 

E4 ^ For. 
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For, upon ab defcribe ihp fquare AD (IL }•}, mi 
through c draw CF parallel to ae ot 9P (I. 27.) 

Then, fince the retlangle af is corUa^ined by AB, AC, 
it is alfo contaii>ed by AB, AC, bec^uf^ AB .U eqifal to 
AB (II. Def. 2.) 

And, fince the re&angle cd is contained by bo» b<^, it 
jft alfo contained by AB> BC, becaufe bd is equal to ab. 

But AD, or the fquare of a b, is equ^I to the leCl^nglti 
4F, CD, taken together ; whence th^ re^l^ngle of A^t AC, 
together with the refbngle pf ab, iP, is ^Ifo equ^l to i\^ 
fquare of AB* Q, S, D. 



PROP. X. Theorem, 

If a right line be divided into any two 
parts, the re6langle of the whole line and 
one of the parts, is equal to the re6langle of 
the two parts, together with the fquare of 
the aforefaid part. 




Let the right line AB be divided into any two parts in 
the point c ; then will the refta^ngle of ab, bc be equal 
to the reSangle of AC, cb, together with the fquare 
of CQ. 

For upon cb defcribe the fquare c:^ (II, I.), and 
through A dr^w AF parallel U> CD (I. 27*) meeting £D» 
produced, in f* 

Then, 
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T\m» Cftc^ A* i« a rcftangl^, c^mtaiped by Ap, be, 
^i9j|Ifi» aofttfiqfil ty Ap, #c, l^egaufe ^js; m» eqi^l to 

BC (II. Dc/: ^.) 
A^ in Jik^ w^ftor, Ap i? ? r^wgle cantaine4 V 

i^Si PPt pr Vy AQ, q^ i and Q*; ifi thp fquare of ca (4/ 

By4 tbp r<|£l«igk Af w aqu4) to th^ roQ^glc ah, and 
ihe fquara C£» taken together;, whence the re^ngle 
qf ABt BC is ^fo equal to the re^angle of Ae» C.B iQg^hfr 
With tlii fqijare of cb. Q. £. 0* 
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REM. 



If a right line be divided into any two 
^artSi the fquare of the whple line will he 
tqval to the fi|uares of the two parts, together 
with twice the reftangle of thofe parts. 




Let the right line ab be divided into any two parts in 
the point c ; then will the fquare of a b be equal to the 
fquares of Ac, cb together with twice the reftangle of 
AC, cb. 

Por upon AB make the fquare ad (II. I.)» and draw 
the diagonal eb ; and make ck, fh parallel to ae, ed 
(I. 27.) 

'' ^ Then, 
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Then, fince the parallelograms about the diagonal of a 
fquare are themfelves fquares (II. 7.), fk will be the 
fquare of FG» or its equal ac, and CH of CB. 

And fince the complements of the parallelograms about 
the diagonal are equal to each other (11. 6.), the comple- 
ment AG will be equal to the complement gd. 

But AG is equal to the re6):angle of AC, cb, becaufe 
CG is equal to CB (II. Btf. 2.) ; and gd is alfo equal to 
the re£langle of AC, cb, becaufe gk is equal to g-f 
(Def. II. 2.) or AC (I. SO.), and gh to CB (I. 30.) 

The two reftangles AG, gd are, therefore, equal to 
twice the redangle of ac, cb ; and fk, ch have been 
proved to be equal to the fquares of ac, cb. 

But thefe two refiangles, together with the two fquares, 
make up the whole fquare ad ; confequently the (quare 
AD is equal to the fquares of AC, Cfi, together with twice 
the reftangle of AC, CB. Q. E. D. 

CoROLL. If aline be divided into two equal parts, 
the fquare of the whole line will be equal to four tinoben 
the fquare of half the line. 
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PROP- XII. Theorem, ' 

If a right line be divided into any two 
parts, the fquares of die whole line, and 
one of the parts, are equal to twice the 
jre£iangle of the whole line and that part, 
together with the fquare of the other part. 




C B 



Let the right line ab be di^ded into any two parts ia 
the point c ; then will the fquares of ab, bc, be ^qual 
to twice the re£langle of aBi bc together with the fquare 
of AC. 

For, upon ab make the fquare ad (II. 1.), and draw 
the diagonal BE; and make rCt HK parallel to bd, ba- 
(1. 27.) : 

Then becaufe AG is equal to gd (II. 6.), to each of 
thefe e^als add CK, and the whole ak will be equal to 
rtbc whole CD. 

And, fince the doubles of equals are equal, the gnomon 
.HBf , together with CK, will be the double of ak. 

But CK is a fquare upon CB (II. 7.}, and twice the 
re£brigle of ab, bc is the double of ak, whence the gno- 
. mon hbf, together with the fquare CK» is, alfo, equal to 
twice the reflangle ab, bc* 

And, 
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And, becaufc hf is a fquare upon HG or AC (II. 7.}^ 
if this be added to each of thefe equals, the gnomon hbf, 
together with the fquarcs cr, hf, will be equal to twice 
the reflangle ab, bc, together with the fquare of AC. 

But the gnomon hbf, together with the fquares ck, 
HF, are equal to the whole fquare ad, together with the 
fquare ck; confequently, the fquares of ab, bc, are 
equal to twice the rcflangle of ab, bc together with the 
fqtuure of AC. ' Q.ELjQ. 



.PROP. XIII. Theorem. 

The difference of the fquares of any twd 
unequal lines, is equal to a reftangle under 
their fum and difference. 
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Let AB, AC be any two unequal lines ; then will the 
difference of the fquareS'.of thofe lines be equal to a re£t« 
angle under their fum and difference. 

For upon ab, ac make the fquares ae, ai (II. 1.); 
and in HE, produced, take SG equal to ac (I. 3.) ; and 
make gf parallel to eb (I.. ^7^); and produced, lie 
till they meet i^G, GF in D and f. 

Then, fmce he is equal to- ab (O^f. II. 2.) and so to 
AC {byConfl.)^ UG will be equal to the fum of AB 
and AC. 

And 
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And (teciKife ah is equal to A&, and AK M AC fll. 
Htf. 2.), K.H will be equal to CB, or the difference ot 
AS and AC. 

Biit the refbngle KC is contained by He!' and' Hit,' 
whence ir is, alfo, contained by the fum and diilbrence of 
AB and AC. 

And, lince lE is equal to bk. (I. S(J.) ofCB {fyConft.), 
and EG to AC (*; 'Cft»/?.) ci, or lb, the refiEangW is will 
be equal to the reElangle lc (11. e.) 

But the refianglcB hl, lc are, together; ^i^ilal tollw 
^iffimnce of the fquaret ae, ai ; confequtntly the rCft- 
augles H L, LG, or the whole reflanglc kg, ii alio equal 
IP the difference of thofc fquarcs. Q. E. D; 

PROP. XIV. Thboakh. ; 



In any right angled triangle, the ^Are of 
the hypotenufe is equal ta the fum oi dui 
fqaares of the other two fides. 




Let ABC be a right angled triangle, having the right 
•ngle ACB ; then will the fquare of the hypotenufe ab be 
equal to the fum of the fquares of AC and CB. 

For, on ab, defcribe the fquare a£ {II. 1.), and on 
AC, CB thefqijares AC, bu; and through the point c, 

draw 
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draw CLp^allel'to ad or be (I. ^7.) and join Br, CD^ 
AK and C£. 

Then, fince the right line ac meets the two right lines 
^^ec, OB in the point c, and makes each of tlie. angles 
ACO, ACB a right angle (ty Hyp. andDef, 2,}, cc will bci 
in the fame right line with cb (I. 14.) 

And, becaufe the kngle f AC is equal to the angle i>ab 
(!• 8.), if the angle cab be added to each of them, the 
whole angle fab will be equal to the whole angle dac. 
. The fides fa, ab, are, alfo, equal to the fides ca, 
AD, each to each, {Def. ^.), and their included angles 
have, likewife, been Ihewn tp be equal ; wheilce the tri« 
iBgle abf is equal to the triangle ACD (I. 4.) 

But the fquare AG is double the triangle A^F (I. 3^.) 
and the parallelogram al is double the triangle acd 
(I. S£.) ; confequently the parallelogram al is^qual to the 
fquare AG {Ax. 6.) 

And, in the fame manner. It may be demonftrs^ed, 
diat the parallelogram bl is equal to the fquare bh ; 
therefore the whole fquare ae is equal to the fquares AG 
and bh taken together. Q. £. D. 

COROLL* The difiicrence of the fquares of the hypo- 
tenufe and either of the other fides is equal to the fquare 
oi the remaining fide* 



PROP. 
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[PROP. XV. Theorem. 

• 
If the fquare of one of the fides of a tri- 
angle be equal tp the fum of the fqnares of 
the other two fides, the angle contained by 
thofe fides will be a right angle. 




' Let ABC be a triangle ; then if the fquare of the fide 
AB be equal to the fum of the fquares of AC» CB« the 
angle acb will be a right angle. 

For, at the point c, make CD at right angles to CB 
(I. 11.}, and equal to ac (I. 3.) ; and join db. 

Then, fincethe fquares of equal lines are equal (11. 2.}, 
the fquare of DC will be equal to the fquare of ac. 

And, if, to each of thefe equals, there be added the 
fquare of CB, the fquares of DC, cb will be equal to the 
fquares of AC, cb. 

But the fquares of DC, cb are equal to the fquare of 
BD (II. 14.), and the fquares of AC, CB to the fqUare of 
AB {by Hyp,) ; whence the fquare of BD is equal to the 
fquare of AB. 

And fince equal fquares h^^ve equal fides (II. 5.), AB 
is equal to bd ; bc is alfo common to each of the tri- - ^ 

angles ABC, dbc, and ac is equal to CD [hyConfi.)i 
»■ con. 
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draw CL. parallel to ad or be (I. 27.) and join BF, C0^ 
AK and C£. 

Then, fince the right line ac meets the two right lines 
^^ec, OB in the point c, and makes each of die. angles 
ACQ, ACB a right angle (ty Hyp. andDef, £.}, gc will be 
in the fame right line with cb (I. 14.) 

And, becaufe the kngle f AC is equal to the angle i>ab 
(!• 8.), if the angle cab be added to each of them, the 
whole angle fab will be equal to the whole angle dac. 
. The fides fa,^ ab, are, alfo, equal to the fides ca, 
AD, each to each, [Def, 2.), and their included angles 
have, Ukewife, been Ihewn tp be equal ; wheilce the tri« 
iBgle abf is equal to the triangle ACD (I. 4.) 

But the fquare AG is double the triangle A^F (I. Z9,.) 
and the parallelogram al is double the triangle acd 
(I. S£.) ; confequently the parallelogram al is^qual to the 
fquare AG {Ax. 6.) 

And, in the fame manner, it may be demonftrs^ed, 
diat the parallelogram bl is equal to the fquare bh ; 
therefore the whole fquare AE is equal to the fquares AG. 
and bh taken together. Q. £. D. 

COROLL* The difierence of the fquares of the hypo- 
tenufe and either of the other fides is equal to the fquare 
oi the remaining fide* 



PROP. 
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But things which are equal to the fame thing are equal 

^ to each other ; confequently the difference of the fquarci 

of AC, CB is equal to the^ difference of the fquaret of 

AD, DB. Q.E.D. . 

Co ROLL. The reftangle under the fura and difference 
of the two fides of any triangle, is equal to the re£langle 
under the bafe and the difference of the fegments of the 

bafe(II. 150 



PROP. XVII. Theorem. 

« 

r r 
• -» • ■ 

In any obtufe-angled triangle, the fquare 
of the fide fubtehding the dbtufe angle, is 
gireater than the fum of the fquares of the 
other two fides, by twice the reftangle ' of 
the bafe and the diftance of the perpendi- 
cular from the obtufe angle. 




Let ABC be a triangle, of which ABC is an obtufe an- 
gle, and CD perpendicular to ab ; then will the fquare of 
AC be greater than the fquares of ab, bc, by twice the 
reftangle of ab,^ bd. 

For, fince the rigljt line ad is divided into two pa^ts, 
in the point b» the fquare of ad is equal to the fqual^es of 

F ab, 
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confequently the angle ACB is equal to the angle BC» 

n- 7.) 

But the angle icb i* a right angle {^y Conft.), whence 
the angle acb is alfo a right angle. Q. E. D. 



J» R O P. XVI. ThzoKtri. 

1 

The difFereflce of the fqufei*6i9 of the twfr 
fides of any triangle, is equal to the diffe- 
rence of the fquares of the two lines, or 
diflances, included between the extremes of 
the bafe and the perpendicular. 





Let ABC be a triangle, having CD perpendicular to ab ; 
then will the difference of the fquares of AC, cb be equsd 
to the difference of the fquares of ad, db. 

For the fum of the fquares of ad, dc is equal to the 
fquare of AC (II. 14.) ; and the fum of the fquares of 
MDi DC is equal to the fquare of BC (II. 14.) 

The difference, therefore, between the fum of the 
fquares of ad, DC, and the fum of the fquares of b D, DC 
is equal to the difference of the fquares of AC, cb. 

And, (ince d« is common, the difference between the 
fum of the fquares of AD, DC, and the fum of the fquares 
q{ £D, DC is equal to the difference of the fquares of 

AU^ DB. 

S But 
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But things which are equal to the fame thing are equal 

, to each other ; confequently the difference of the fquarci 

of AC, CB is equal to the^ difference of the fquaref of 

AD, DB. Q.E.D. > 

C o R o L L . The reftangle under the fura and difference 
of the two fides of any triangle, is equal to the re£langle 
under the bafe and the difference of the fegments of the 
bafe(II. 15.) 



PROP. XVII. Theorem. 

. r 

In any obtufe-angled triangle, the fquare 
of the fide fubtehding the oibtufe angle, is 
gireater than the fum of the fquares of the 
other two fides, by twice the re6fcangle ' of 
the bafe and the diftance of the perpendi- 
cular from the obtufe angle. 




Let ABC be a triangle, of which ABC is an obtufe an- 
gle, and CD perpendicular to ab ; then will the fquare of 
AC be greater than the fquares of ab, bc, by twice the 
reftangle of ab,^ BD. 

For, fince the rigl?t line ad is divided into two pa^ts, 
in the point b, the fquare of ad is equal to the fqual^es o{ 

• F AB, 
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. Then, becaufe aec is an obtufe angle, the fquarc of 

AC is equal to the fquares of AE, EC together with twice 

the reflangle of ae, ed (II. 17.) \ 

' And, becaufe bec is an acute angle, the fquare of CB 

together with twice the reftangle of be, ed is equal to the 

fquares of be, eg (II. 18.) 

, And fince AE is equal to eb {ty Conft,)^ the fquare of 

£0 together with twice the refliangle of ae, £D is equal 

to the fquzcres of ae, eg. 

But if equals be added to equals, the wholes will be 
equal ; whence the fquares of AG, CB, together with twice 
the rcftangle of ae, ed, are equal to twice the fquares of 
AE, EG, together with twice thereftangle of ae, ed. 

And, if twice the reftartgle bf ae, eg, which is com- 
mon, be taken away> the fum of the fquares of AC^ CB 
will be equal to twice the fum of the fquares of ae, eg. 
' • Q.E.D. 

PRO P. XX. Theorem. 

In an ifofceles triangle, the fquare of a 
line drawn from the vertex to any point in 
the bafe, together with the reftangle of the 
fegments of the bafe, is equal to the fquare 
of one of the equal fides of the triangle. 




- Let ABC be an ifofceles tfiangle, and C£ ft line ctrawn 

from the vertex lo any point in the bafe AB { thin witt the 

T:rT fquare 
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fquare of GE, together with the reftangle of ae, eb be 
equal to the fquare of ac or cb. 

For bifeft the bafe ab in d (I. 10.), and join the 
points c, D. 

Then, fince ac is equal to cb, ad to db, and CD 
is common to each of the triangles acd, bcd, the angle 
CD a will be equal to the angle cdb (I. 7.) ; and confe*- 
quehtly CD will be perpendicular to ab [Def. 9, 9.) 

And, becaufe ACfi is a triangle, and CD is theperpen- 
dicular, the difference of the fquares of ac, ce is equal 
to the difference of the fquares of ad, de (II. 16.) 

But, fince be is the fum of ad and de, and ae is their 
difference, the difference of the fquares of ad, de is 
equal to the reftangle of ae, eb ; confequently, the dif- 
ference of the fquares of ac, ce is alfo equal to the reft- 
angle ae, eb. 

And if, to each of thefe equals, there be added the 
fquare of ce, the fquare of AC will be equal to the fquare 
of ce together with the reft angle of ae, eb. 

q.E.D. 



, Fs PROP. 
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And, bccaufc hf is a fquare upon HG or AC (11. 7.)^ 
if this be added to each of thefe equals, the gnomon hbf, 
together with the fquares ck, hf, will be equal to twice 
the reSangle ab, bc, together with the fquare of AC. 

But the gnomon hbf, together with the fquares ck, 
HF, are equal to the whole fquare ad, together with the 
fquare ck; confequently, the fquares of ab, bg, are 
equal to twice the rc6langle of ab, bc together with the 
fquare of AC. ' Q. £. £l. 



.PROP. XIII. Theorem. 

The difference of the fquares of any tw6 
unequal lines, is equal to a reftangle under 
their fum and difference. 



"t- 
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'Let AB, AC be any two unequal lines ; then will the 
difiefence of the fquares.of thofe lines be equal to a re6l« 
angle under their fum and diSorence. 

For upon ab, ac make the fquares ae, ai (II. !•}; 
and in he, produced, take SG equal to AC (I. 3.) ; and 
make gf parallel to eb (I. .^7..); and produced, i^K. 
till they meet i^G, gf in D and f. 

Then, fmce he is equal to ab {If^f. II. 2.) and eo to 
AC {by .Conft.)^ HG will be equal to the lum of ab 
and AC. 

And 
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And keCEHife ah is equal to Ab, and ak t6 AC (11. 
Dtf. 2.), KH will be equal to CB, or the diflercnce of 
AB*nd AC. 

Btit the re£hing1e kg is contained by i^C and'Hit,' 
whence iris, alfo, contained by the fum anddll^ence e{ 
AB and AC. ' ■' 

And, fince tt 'u equal to hK (1. SO.) of CB f^ Cenft.), 
and EC to ac (If'Oir^,) ci, or lb, the>re6bi^l^ ic wilt 
be equal to die reOangle Lt (11. «.) 

But the rcflanglcs m l, lc are, together; 6'qtlal to the 
iiffirtence of the fquara ae, ai ; confequtnil/ the itft- 
dnglcB HL, LG, or the whole rc3angle kg, is alfa equal 
lOthedifierenceof thofefquarei. €l.£.I>i 



PROP. XIV. Theorem. - 

la any right angled triajigle, thd fijuare of 
the hypotenufe is equal to the fum of ^ 
f^uares of the other two fides. 




Let ABC be a right angled triangle, having the right 
•ngle ACS ; then will the fquare of the hypoCenufe ab be 
equal to the fum of the fquares of ac and cb. 

For, on ab, dcfcribe the fquare ae (II. I.)> and on 
AC, CB the fqyares ag, bh ; and. through the point c, 

draw 
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PROP. XXL Theorem. 

The diagonals of any parallelogram bifeO; 
each other, and the fum of their fquares is 
equal to the fum of the fquares of th« iwa 
fides of the parallelogram. 




Let ABCD be a parallelogram, whofe diagonals AC, BI> 
intcrfeft each other in e ; then will ae be equal to EC, 
and BE to ED ;'and the fum of the fqilares of AC, BD will 
be equal to the fum of the fquares of ab, bc, CD and DA* 

For fince ab, dc are parallel, and AC, BD interfeA 
them, the angle dce will be equal to the angle £AB 
(L 24.), and the angle cde to the angle eb A (L 24.) 

The angle dec is likewife equal to the angle aeb 
(L 15.), and the fide DC to the fide ab (L 50.) ; confe- 
quently de is alfo equal to eb, and C£ to ea (L 21.) 

Again, fince db is bife£led in e, the fum of the fquares 
of DC, CB will be equal to twice the fum of the fquares of 
DB, EC (IL 19.) 

And, becaufe DC is equal to ab, and cb to da (L SO.) 
the fum of the fquares of ab, cb, dc and da are equal to 
four times the fum of the fquares of de, ec. 

But four times the fquare of de is equal to the fquare 
^3S> (IL 11. Cor.)t and fourtimes the fquare of £C is 

a equal 
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equtl to the Tqvive oi ac i whence the fmn qf the (ijitarcs 
«f AGs BD are ^qu^^ tp the fun» qf t^ fqw2M:e« of A9i j»g« 
CD and JQA* Q.£.0. 



PROP. XXJl. Problem. 

To divide a given right line into two 
parts, fo that the reOangle contained by tlje 
whole line and one of the parts, fhall 
equal to the Iquare of the other part. 



_K — 1 

T A X \ 



Let AB be the given right line ; it is required to divide 
it into two parts, fo that the reftangle of the whole line 
and one of the parts Ihall be equal to the fquare of the 
other part. 

Upon AB defcribe the fquare AC (II. 1.}, and bife£l 
the fide of it ad in £ (I. 10.) 

Join the points b, £ ; and, in ea pi-oduced, take £f 
equal to £B (1.3.); and upon af defcribe the fquare 
FH {II. l.J 

Then will ab be divided in H fo, that the re£langle of 
AB, BH, will be equal to the fquare of ah. 

For, fince df is equal to the fum of eb and ed, or its 
equal ea, and af is equal to their difference, the re£l. 
angle of df, fa is equal to the difference of the fquaresof 
EB^ ^A (11. 13.) 

F4 3ut 
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But the reflangle of df, fa is equal to dg, bccaufe 
*rA is equal to fg fll. Dej. 2.j ; and the difference of the 
fquares of £b, £a is equal to the fquare of -ab (II. 14« 
Cor>) ; whence DG is equal to ac. 

And, if from each, of thefe equals, the part dh, which 
is common to both, be taken away,* the remainder AG will 
be equal to the remainder hc. . 

But HC is the reftangle of ab, bh ; for ab is equal to 
BC; and ag is the fquare of ah; therefore the right 
•line AB is divided in H fo, that the reflangle of ab, bh \% 
qual to the fquare of ah, which was to be done« 



• 
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But things which are equal to the fame thing are equal 

^ to each other ; confequently the difference of the fquares 

of AC, C£ is equal to the^ difference oi the fquaref of 

AD, DB. Q.E.D. V 

CoROLL. The re£langle under the fum and difference 
of the two fides of any triangle, is equal to the re£langle 
unde^r \^ bafe and .the difference of the fegments of the 
b«fc{II, 15.) 



PROP. XVII. Theorem. 

r r 

In any obtufe-angled triangle, the fquare 
of the fide flibtehding the ofbtufe angle, is 
gireater than the fum of the fquares of the 
other two fides, by twice the reftangle ' of 
the t)afe and the diftance of the perpendi- 
cular from the obtufe angle. 




Let ABC be a triangle, of which ABC is an obtufe an- 
gle, and CD perpendicular to ab ; then will the fquare of 
AC be greater than the fquares of ab, bc, by twice the 
reftangle of AB, BD. 

For, fince the rigl?t line ad is divided into two pa^ts, 
in the point b, the fquare of ad is equal to the fqualn^ of 

F AB, 
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6* A fegment of a circle, is a figure contained under 
may arc and the chord of that arc. 



^»,_..»» 



7. A tangent to a circle, is a right line which paffes 
Aroogh a poiht in the circumference without cutting it. 




8. Right lines, or chords, are faid to be equally diftant 
from the centre of a circle, when perpendiculars drawa 
to them from the centre are equal. 




9. And the right line on which the greater perpe|idi« 
cular falls, is faid to be farther from the ce^re^ 




10. An angle in a fegment, is that \^fch is contamed 
by two right lines, drawn from any point in the arc of the 
fegment, to the two extremities of the chord of that arc. 




11. One circle is faid to touch another, when it pafles 
through a point in its circumference without cutting it. 




PROP- 
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P R O ?• I. Problem. 



To find the centre of a given circlcu 




Let ABC h€i the given circle ; it is req^uiied to find iti 
centre. 

Draw any chord AB, and bifeft it in D (I. IQ.) ; and 
through the point d draw CE at right angles to ab {I. I K), 
and bife£l it in f : then will the point f be the centre of 
the circle. 

For if it be not, fome other point muft be the centre, 

either in the line eg, or out of it. 

« 

But it cannot be any other point in the line £c, for if 
it w^re» two lines drawn fro«i the centre of the circk to 
its circviip&rence would be unequal^ which is abfurd. 

Neither can it be any poti^ out of that line; for if it 
can, let o be thai point; and join ga, gd and gb. 

Then, becaufe ga is equal to gb (I. J)ef. IS.), ao to 
DB (by Coif/l.% and gd common to each of thetriangktf 
agd» bgd, the angle a^q will be equal to the angle bdg 

(1.7.) 

But when one line Calls upon another^ and makes the 
advent angles equd, thoic angks are, each of tbeno, 
right angles (J. fiif. %aml9.) 

Tie 



I 

I 



i6 ELEMENTS OF GEOMETJtY. 

The angle ADG, therefore, is equal to the angle ADC 
(I. 8.), the whole to the part, which is abfurd; confe- 
quently no point but f can be the centre of the circle. 

Q.E.D, 

COROLL. If any chord of a circle be bife£led, -a right 
line drawn through that point, perpendicular to the chord* 
will pafs through the centre of the circle. 



PROP. IL Theorem. 

If any two points be taken in the circum-? 
ference of a circle, the chord, or right hne 
which joins them, will fall wholly within the 
circle. 




Let ABE be a circle, and A, B any two points in the 
circumference ; then will the right line ab, which join* 
thofe points, fall wholly within the circle. 

For find c, the centre of the circle a be (III. 1.), and 
join c. A, Cy B ; and through any point d, in ab, draw 
the right line ce, cutting the circumference in £. 

Then, bccaufe ca is equal to cb (I. Def. IS.), the angle 
cab will be equal to the angle cba (I. 5.) 

And, fincethe outward angle cdb of the triangle acd, 
is greater than the inward oppofite angle CAB (L 16.), it 
will alfo be greater than th^ angle cba. 

But 
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But the greater fide of every triangle is oppofite to the 
greater angle (I. 17.) ; whence cb, or its equal CE, will 
be greater than CD. 

The point d, therefore, falls within the circle ; and the 
feme may be fhewn of any other point in ab; confe- 
quently the wliole line ab muft fall within the circle, 

Q.E.D. 

• PRO P. III. Theorem. 

If a right line, which pafles through the 
centre of a circle, bifeft a chord, it will be 
perpendicular to it ; and if it be perpendicu- 
lar to the chord, it will bife6l it. 




. Let ABC be a circle, and C£ a right line which paHes 
through the centre d, and bife£ls the chord ab in £ ; then 
will CE be perpendicular to ab. 

For join the points ad, db : 

Then, becaufe ad is equal to db (II. Def. 13.), ae 
to EB {ly H^.)^ and ed common to each of the trian- 
gles ADE, BDE, the angle dea will be equal to the angle 
DIB (I. 7.) 

But one line is faid to be perpendicular to another, 
when it makes the angles on both fides of it equal to each 
other (I. Def, 8.) ; confequcntly CE is perpendicular to 
the chord ab. 

Again, 
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Agtifi, kt the r%^ tine o£ be drawn firom ijbs centre 
B» peipendicular to ihe chord a^ ; then will a« i>ehi£B3dL 
in the point E. 

for join the pointu ai^, i»b, a« b^^ovt : 

Then, fince the axagle dab ifi equal to the an^ o.b A 
(I. 5.), and the angle abb to ihe angle i)£B« (beiag eaob 
of them right angles) the angle AD£ will alfo be equal to 
the angle edb (L 28. Cor. 1.) 

And, becaufe the trkngles DBA, o£b are mutually 
equiangular, and have the fide 0£ common, the fide ab 
win alfo be equal to the fide £B (I. 21.) ; wfaenoe ab is 
InftQisd In the point t^ as wait to be fliewn. 

CoROLL. If a right line be drawn frohi the vertex of 
an ifofcele* triangle, to the middle of thebafe, it wfllbe 
perpendicular tort; andif it be perpendicular to thebafe, 
it will bife6l both it and the vertical angle. 

PROP. IV. Theorem. 

If more than two equal right Hnes can be 
drawn from any point m a circle to the <»r« 
cumferencc, that |>oint ^mli be the centre. 




X Let ABDC be a circle, and o point wilhimit; them if 
any three right lines OA, Ofi, oc, drawn from the point 
o to the circumferencCi be equal to each olher^ thftt point 
will be the centre. 

For 
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lP«r dittw tbe linei ab^ ac, and bifeft tbcm in the 
poiriU P« ^ (1* 10*) ; and through the centre o, draw lo^ 
OE^, tvtting the'circumicrence in o and s^ 

Ttei* &ice AF it equal to pb {ly Conft.)^ ao to OB 
{h '^O^)* ^^ ^^ commoti to each of tlie triangles Aor» 
BOF» the angle afo will be equal to the angle bfo 

AmL hecanle -the ri^ line of falls upon the right line 
ab, and wakes the adjacent angles equal to each other» 
BF will be peifcndicular to ab (L D^. 8.) 

But when a rij^t line biCfe6k any chord at right angles, 
it pafTes tlnrough the centre of the circle (III. i. Gr.); 
whence tfaetrentre muft be fomewhere in the line fd. 

And, hi the fittne manner, it may be ihewn, thait tbB 
centre muft be fomewhere in the line GS* 

But the lines fd, ce have no other point but o which 
is corambn to them both ; therefore o is the centre of the 
circle abo^ as' was to be Aewm 

PROP. V. Theorem. 

Circles of equal radii are equal to each 
other ; and if tlie circles are equals the radii 
will be equal. 




Let ABC, DEF be two circles, of which the radii ga, 
GB are equal to the radii hf, he ; then will the circle 
AJiC be'C^ual to the circle def. 

For 
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For conceive the circle DEF.to be applied to the eirele 
ABC, fo that the cfentfe H may coincide with the centre G« 

Then, fiiice the radii h f, he are equal to the radii ga, 
GB [by Hjp.)y tlie points' f^ £ will fall in the circumfer- 
ence of the circle ABC (I. Def. 13.) ; and the fame may be 
fhewn of any other point D. 

But fince any number of points, taken in the circum- 
ference of the circle def, fall in the circumference of the 
circle ABC, the two circumferences muft coincide, and 
confequently the circles are equal to e^ch other* 
. Again, let the circle abc be equal tp the circle def ; 
ttcn will the radii G A, GB be equal to the radii hf, he. 

For if they be not equal, they muft be either greater- 
or lefs : let them be greater ;. and apply the circles to each 
other as before. 

Then, fince the radii GA, GB are greater than the radii 
HF, he, the points F, E will fall within the circle ABC ; 
and the fame may be (hewn of any other point d. 

But, fince any number of points, taken in the circum- 
ference of the circle def, fall within the circle ABC, the 
whole circle def muft, alfo, fall within the circle ABC. 

The circle def is, therefore, lefs than the circle ABC, 
and equal to it at the fame time [iy Hyp.)^ which is abfurd : 
whence the radii ga, gb are not greater than the radii 

HF, HE. 

And in the fame manner it may be fliewn that they can* 
not be lefs ; confequently they are equal to each other. 

Q.E.D. 

CoROLL. Equal circles, or fuch as have equal radii, 
or diameters, have equal circumferences. 



PROP. 



•« 
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t* R O p. Vl. Theorem. 

K two circles touch leach other internally^ 
tb© centfeis of thif'^^des^and the point of* 
coirtaaft will'bc allltr the fame right lin^^ 



»•• 4>- •• t • **< 




Let the two circleii.B'ir'Gi jS^qf toucfi each other inter- 
nally at the point b ; then will the centres of thofe circles 
an? the. pqint b he in the fame ri^ht' line* 

For let A be the centre of the cif-cle fito^ and draW^ 
the.diametcr GB. "^ 

. Arid if the centre of the circle bdf be ribt in gb> let, 
iTpioffiBTej fome point c, oiit of that lin^', be the centre J 
and join A» Cj c^ b ; aixd produce AC to cut the' circles, 
m D and £4 

TKen^ fince acb is a triangle, the fides a6^ cb, taken 
together* are grtater than the fide AB (I. IB.), or its 
equal ae. 

And lU from thefe equals, the part AC, which is 
commoti, be taken away, the remainder CB will be greater 
than the remainder cz. 

But* fiance c is the centre of the Circle bdf {iy Hyp.)^ 
CB is equal to CD (t. Dtf. IS.) ; Whence CD will alfo be 
greater than C£, which is impoffible. 

The point c, therefore, cannot be the centre of the 
circle BDF ; and the fame may be fliewn of any other 
point out of the line ab. Q^ £. D» 



' I * 
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T » r . • . ( 

I ■■ / . t 

PROP. VII. Theorem. 

* ■ • • 

• - ■ ■ - 

If two circles toucL.each other externallv, 
the centres of the circles and the point of 
conta6l will be all in the fame right line. 




Let the two circles beg, bdf touch each other exter- 
nally at the point B ; then will the centres of thofe circles 
and the point B, be in the fame right line. 

For, let A be the centre of the circle beg, and draw 
the diameter gb, which produce till it cuts the circle 
BDF in F. 

And, if the centre of the circle bdf be not in the line 
AF, let, if poffible, fome point c, out of that line, be the 
centre; and join c, a, c, b. 

Then, fince a is the centre of the circle beg, as is 
equal to AB (I. Def. 15.) 

And becaufe c is the centre of the circle bdf (ijr Hyp.^ 
CD is equal to cb (I. Jief, 15.) 

But AB, BC, together, are greater than AC (I. 18.) ; 
therefore ae, cd, together, are alfo greater than AC ; 
which is abfurd. 

The point c, therefore, cannot be the centre of the 

circle BDF ; and the fame may be (hewn of any other 

point out of the line af. Q. £. D. 

• - # 

PROP. 
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JP.R O p. VIII. Tntottu.^ t . 

ft'- 4 
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Any ' two chords in ' a ' circle; nfhlch at^ 

equally diflanjt fr9m the centre^ are. equal, to 
eaclj 'ojtfl^J and if they ^ equal to each 
other, they will be equally diftant from the 
centre.- ■•:.-■:•: ,— .-•../ 
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» • ■ ^ *. 
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4 rLet Al^ED be.. a circle^ .wl^pi'^ .^fiM'^ *^%o ; then wiU 
toy two chords ab, DE,.i which are equally diftapt from 
.p» he equal to eaph other. . \ ^.; ., ,. 
-z : for join .thetpointfl ao,; Od^ and let £ali the perpendl- 
.culars o€| of (1. 12.) • ». ;'■. 

Then, fince a right line^ drawn froth the centre of a 
circle, at right angles to any chord, bifefls it (III. S.)^ 
AC will be equal to CB, and df to F£i 

And, becaufe the angles ago, ofo are right angles^ 
the fquares of AC, oo will be equal to the fqtiare of aO 
(II. 14.), and the fquares of DF, FO to the fquare of on. 

But the fquare of AO is equal to the fquare of OD 
(II. 2.) ; confequently the fquares of ^c* co will be 
equal to the fquares of d F, F o. 

And fince og is equal to of (III. Def. S.), the fquare 
of oc wilt be equal to the fquare of QF (II. ^a) ; whence 

G« the 
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the remaining fquare of AC will alfo be equal to tha^re* 
maining fquare of DF; or AC equal to DF (11. S.}. 
and AB to D£ (i. A». 6.) 

Again» let the chord ab be equal to the chord D£ ; 
ibpn will oc, OFt or tbeir dift^cet from tbt centtt* be 
e(j[uiil to each other. u ^ 

For the fquareft of AC, CO arc equal to th^ fquajre of 
i6A (II. 14.)y and the fquares of df, fo to the fquare 
of an. 

But the fquare of oa is equal to the fquare of op 
(II. ^.) ; therefore the fquares of AC, CO are equal to the 
^ Squares of df,fo. 

And iince AC is th^ l|alf Qf ab (III. 3.}, ahd df is the 
half of D£ (IIL 5.), t^ fqqare of AC is equal to the fquare 
ofDF(IL 2.) 

The remaining fquare of co is, therefore, equal to the 
yemsuning fquare ef fo ; and confequently CO is equal to 
FO (IL 5.), 9s W9S to be fiitwn* 

Co roll. If two right angled triangles, tiaying equal 
KypoteDufes, hav^e twa other fides alfo equal, the re- 
maining fides will likewife be equ4> sind the triangles will 
be equal in all refpofta. 



I. » 






PROP. 
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t ft b p. IX. Thiorem. 

A ^ameter is the greateft right line that 
C^n^bfi drawn in a circle* and» of the reft^ 
tiiat which is nearer the centre is greater 
tiian l^t which is more remote. 




Let ABCD be a cin^ei'of which the dUmeter.is AO, 
and the centre o ; then if 6C Im^, nearer the centre than 
rCt AD will be greatei than bc, ab3 sc than re. 

For draw oh, oil pvpendipalar to BC. lO (I. 1S.)> 
andjoin OB. oc, oe and of* 

Then, becau'fe OA.is equal to 09 (I. JD^. is.], and 00 
to oc, AO ii equal to ob and OC taken together. 

,But OB, OC, taken logether.are^aterUiaa bc (1. 18.J; 
thereFore ad if alfo greater than bc< 

Again* the fquarei of oh,, hb are equal to the fquare 
«f 0& (II. 14.}, and the fquares of 0&, itr to the fquara 
. flf or. 

But th« fquare of OB if equal to the fquara, of or 
(n, i.)j whence the fquarei of oh, hs are equal to the 
fquaret of ok, Kr. 

And Gnce re is farther from the centre than BC {iy 
Myf.}, OK will be greater than oh (III. Dtf. 9), and the 
f^uare of oit ttun the fquaie of oh (H. *.) 

Gtf The 
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The remaining fquare of hb, therefore, is greater 
thatn the remaining fquare of kf, and HB greater than 
KF (II. 4.) 

But BC is the double of bh, and fg i^ the doub}e of 
JK fill. 3.) ; cortfequently bc is alfo greater than FG. 



PRO P. K. Theorem, 



« 



A right line drawn perpendicular to the 
diameter of a circle, at one of its extremities, 
\s a tangent to the circle 9t that point 




Xet ABC be a circle whofe centre is £, and diameter 
AB ; then if db be drawn perpendicular to AB, it will be 
a tangent to the circle at the point b. 
' For in BD tate any point f, and draw ef, cutting the , 
circumference of the circle inc. 

Then, fince the angle £^o is a right angle {iy Hyp\ 
the angles b £ F , £ F B , will be each of them lefs than a right 
angle (I. 28.) 

And, becaufe the greater fide of every triangle is op* 
pofite to the greater angle (L 17.}, the fide £f is greater 
t|uin the fide £B, or its equal £C. 

But fince £F is greater than £c, the point f will fall 
without the circle abc ; and the fame xnay be Ihewn of 
any oi)i(r point in BD» except b^ * 

The 
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The line B D, therefoi^e, cannot tut the circle, but mxift 
fall wholly without it, aftd be a tangent ta it at the point 
B, as was to be fliewn; 

Scholium. A right Jine cannot touch a circle iti 
xnorie than one point, for if it met it in two points it would 
fall wholly within the circle (III. 2.) 

. ■ : * ■ '' 

PROP. XL Theorem. 

. - - -s • . I • • i-» ■ '• » ' " » 

From a given point to draw a tfingent to 
a giyen circle. 



Let A be the- given point, and fdc the given circle ; 
it is required from the "point A to draw a tangent to the 
circle fdc* . i . -* ~ 

Find £9 the , centre of the circle fdc (IIL l,}f and 
join ea; znd hoij^ the poi^t £9 at the idiftaQce £a, 
defcribe the circle, if. AB, 

Through the point d, draw PB at right ajogles to ea 
{L 11.); a&djoip EBg aci and aq will be the tangent 
required. 

For, .fince £ is the centre of the circles Fpc, gab, ea 
is equal to,£B, and £0 to EC . . 

And, becaufe the two fides ea, ec, of the triangle eac, 
are equal to the two fides £B» ed, of the triangle j^bd, 
and the angle sis. coauiioiL| the^^ angle £CA will alfo be 
equal to the angle edb (L 4.) 

G 4 Biit 
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f But the angle zt^j^ ^eiqg a right angle, l;he angle ec^ 
lis al^ a right angle ; therefore ilnce ac is perpendicular 
to the diameter EC, it will touch the circle fdc, and b^ 
a tangent to it »t the point c (HI. 10.) 



PROP.. XII. Thsorem, 

If a right line be a tangent to a circle, and 
another right line be drawn from the centre 
to the point of contaft, it will be perpendi- 
cular to the tangent. 




Let the right line D£ be a tangent to the circle ABC at 
tfce point B, and, from the centre p, draw the right Kne 
rs ; then 'will pb be perpendicular to de. 

For if it be npt, let, i)F pqflible, fome oAer right line 
r G be perptodiculer to D £ • 

' ' Then, fcecaufe thjc angle r qb is a right angle {hy Hyp 'if 
the angle fbg will be lef$ than a right angle (L £S.) 
• And,^ilnce the greater (ide of every triangle is oppofite 
to the greater angle [h 17.), the fide fb will )>e gr^tei* 
than the fide fg. 

But FB it equal tQ FC ; therefort fC wiil aKobe'greater 
than FC, a part gt^ater than the whpk', which i; im- 

* The 
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The llneb FG, therefore, cannot be perpendicular to 
DE ; and the fame may be demonftrated of any other line 
but jP3 I confe^uently f? is perpendicular to de. 

' - - Q, E.D. 



PR 6 P:'':^m/' Theorem. ^ 

If a right line be a tangent to a circle, 

■ ■ ■• • '" ■ • , 

jind another right line be drawn at right 
angles to it, from the point of conta6):, it 
will paf^ tloirough the ceqtre of the circle. 




1 

Let thfS right line de be a tangent to the circle acb at 
^he point b ; then if ab be drawn at right ^glesto de, 
from the point of contaft B, it will pafs through the centre 
pf the circle. 

For if it does not, let F, if poflible, be the centre of 
|he circle; and Join fb. 

Then, fincc de is a tangent to the circle, and fb is a 
right line drawn from t&e centre to the point of contaClj^ 
ib» angle fbe is a right angle (III. \2,) 

But the angle abb is alfo a right angle, by conftruc- 
\ioTi; whencp the apgle fbe is equal to the angle abe ; 
ih^ lefs to the greater, which is impoffible* 

TJie point f, therefore, is not the centre ; and the 
l^e may be (hewn of any other point which is out of 
the line ab ; confequently ab muft pafs through the 
cei)tre of the circle, as was tp be ibewn^ 

PROP, 
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^ P R O P. XIV. Theorem. 

' An angle at the centre of a circle is 
double to that at the circumference, when 
both of tHem iland upon the fame arc. 




Let the angle bdc be an angle %t the centre of the 
circle abc, and bac an angle aC the circumference, both 
Handing upon t^e fame arc BC ; then will the angle BEC 
be double the angle bac. 

Firft, let E, the centre of the circle, be witfain the 
angle bac; and draw ae, which produce to r. ' 

Then, becaufe ea is equal to eb, the angle cab win 
"be equal to the angle eba (1. 5.) 

And, becaufe aeb is a triangle, thfe outward angle bep 
will be equal totlietwo inward oppofite angles eab, eba, 
^en together (I. SB.) 

B,iit fince the anglei eab, EBA, are equal to each other, 
they are, together, double the angle eab j whence the . 
angle bef is alfo double the angle eab. 

And, in the fame manner it may be (hewn, that the 
angle FEC is double the angle eac ; confequcntly the 
whole angle B£C will alfo be double the whole angle 
BAC ■ '■ ■ 

Again, 



Again; iet E/tte cmitw of tlie clrcle'ABC, fili^ffiS&ut 
the angle bac, and join Ue. 

Then, fince the angle bfe, of the tiSangle efb, i§ cqtial 

i6 tlfc an^e'cFA of the triafngle^CAF (I. 15.) the re- 

' maining angles bef, fbe of the otie, 'arc, togethl|(r^ 

Icqual to the Veitiaimng angles fac;'FCA of the bttier 

\LqbI) ^ ' <-- •- •> - -■.^\'*^ • . ''-'^i 

But the^gle fi^e is equal to the angle e*a> (t.'S^f; 
tnil the-ah^e^ fca, or ^ca, to the angle eac (I; 5.) ; 
therefore the angles B£F» eaf, are, together, equal tOtfae^ 
angles f At; fi AC. ^ . ^ . '' '.'"' 

' '- And, if" tlfe angle e A f, '' wliich is coih^cm, be^ taken 
away, the reinainin|r angle bef or beg, will be e^ual'iQ 
twice the arigle f AC, or bac, as was to b? fliewn; ' '/ 

i . • • •■ f >,,ttf* 

' 'P R O P. XV. ' Theorem. 

All angles in the fame fegment of a;circlfe|^ 
or which ftariid on the ikmearc, ate equial tb 

^ach other. 






y 




Let Abcd be a circle, and bac, bdc any two angles 
|n the fame fegment badc; then will the angles bac, 
^DC be equal to each other. 

f^or, firft, let the^ fegment badc be greater thap a 
femicircle, and having found the centre e', join be 
?ind ECt 
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^ . . T^iB^ii . fince w angle afc the c^nUne 9^ ia qirck U liouble 
to that at the circumference (UI..14»)| tl^ jpgle ^AQ 
i|fi|tba ha)f die az^Ii^ BBC. 

. Anip for thq fam^ reafon, the angle BPC will, alfoi b^ 
hiifthcjingle BEC. 

:c.«^9^ things which ar^ h^ye$ of the fan\e thing are eqoaf 
to each other ; confequently the angle bag is equal to tbf 
apjifle-BDQ. . ,r . , 

' Agaipv let the fegment badc be not gnoater than 9 
fcmicif cle : ... ^ • 

Then, fmce the right hnes bd» AC interfi^each othq^ 
Ui r, tJiQ angle bfa will be equal tpthe ^pofite apgle 
i)rc(I,J5.) 

• And Decaufe the fegqaent abcd is greater than a femi« 
circle, the angles abd» acd, which (land in that feg* 
snenty are equal to each other (IIL 15.) 

But fince the two angles bfa^ abf. of the triangle 
tba, are equal to the two angles dfc, fcd of the tri« 
apgle PCF, the remaining angle baf, or BAg« yfiU alfo 
)>e <^V^ to t^jenuuning angle FDQ^ or bM* 



PROP. XVI. Thborem. 

^n angle in a femicirde is a right angle. 




Let ABC be a femicirde; thrn will any anglo ACBi im 
thsrt femicirde, be a right angle, 

Fpr, 



. ■» 
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S find the centre of the Ctfcte s (III. K) and Araw 

ihe diameter ced. 

'• Tba!i« betatffe an angle it the centre of a emle it 
iouble to that at the circuaiference (III; H.) the aagta 
ABD will be double the angle ago. ^ ^ 

Andy for the fame reafon» the angle B£D will be doiiUe 
theangleBdb. ' I ' • - ' 

The anglet aeb, b£D^» llierefore; taken togi&er, ife 
ifcmblc Aewhblc angle AC »• - 

But the angles aed, bed, are, together, equal' te^tHNi 
fight angldr (L 15.); cdnfeqnentlf the angle ApB will be 
(fcquad to otie right angle. < Q.S.O. 

CoiteLl.-1rhe angle BAe, whidi ffamdftj!^^ fifigiMBt 
greater than a femi-circle, if lefs than a right ii%ie 

« 

' And thie ahgte bcf, which ftaikb in a fi^ffsietk trfii AaH 
a feim-circf^, & grfcatei: tham k right ih^e. ' 



' FRO P. XVIL Thbokem. 

• ' - ■*• 

The oppofite angles of any quadrilateral 
figure, infcribed in a circle, are equal to two 
right angles. 




Let ABCD be a quadrilateral, infcribed in the- circle 
iLOCB ; then will the oppofite ^gles baD^ BCD, taken 
together, be equal to two right angles/k 

- • For^ 



/ 



^ 
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•. For, dravr ihtidi9gotos^A(!t^ ^d^. and produce tbe fide 

. : Tfa^n, becau/e th^ oU^Wixdi angl^ pi any triiutigle, id 
jEfqual tOjtbe twp {inward :^ppik^>aag}eg;taki^n, together 
(I. £8.}> the angle £Ai^ will be equal to the angles abd. 

And, becaufe all angles in the fame fegment of a circle 
are equal to each_otber.j[iII« 15*)» the angle abd, will 
be equal to tbe angle acd^ sv[>d.|be„aiigle abb to jtbe 
anfle^ACB. .; ... 

'' Thp angle bad, thfrefoire, wbich is equal to the angleji 
.ABD» adb, taken together, will alio be equal to tbe 
angles :ACD» AC b ^ tajcen. together, or to^e Yrhqlc angle 

But the angles bad, bad, taken together, are equal to 
two right angles {h.-^f^) ii cpufequently f he .angles bod, 
bad, taken together, lyiU alfo be equal to two rigfat 
angles. Q. £. D. 

CoROLL. If any fide ab, of the quadrilateral ahcd, 
be produced, the outward an^le bad ^ilLbo equal to the 
inward oppofite ande bcd* 



': ' 



I « 



: ' ' * ' ••■.•*■■■* 
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PROP. XVIII. Theorem. 

Through any three points, not fituate in 
the fame right Une, to defcribe the circum* 
ference of a circle. 



-| « a . « 

% 

9 i • 



J :■ » 




Let A» B, c, be any three points, not fituate in the 
fame right line ; it is required to defcribe the circum- 
ference of a circle through thofe points. 

Draw the right lines Ab, bc, and bifefl them with the 
perpendiculars dh, eg (I. 10 and 11.) ; and join de. 

Then, becaufe the angles fed, fde are lefs than two 
right angles, the lines dh> £C will meet each other, in 
fome point f {Cor. L ^5.) ; and that point will be the 
.centre o£ the circle required. 

For, draw the lines fa, fb and fc, 

Then, fince ad is equal to d^^ df common, and the 
angle adf equal to the angle fdb (I. 8.}, the fide fa 
will alfo be equal to the fide fb (1. 4.) 

And, in the fame manner, it may be (hewn, that the 
$de FC.is alfo equal to the fide fb* 

The lines FA, fb and fc, are, therefore, all equal to 
each other ; and confequently f is the centre gf a circle 
which will pafs through the points A; b ^nd c, as was to 
be fliewn. 

SCHO, 
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SCHO. If the fcgment of a circle be given, and anjr 
three points be taken in the circumference, the centre of 
the circle may be fbimd, as above. 



- ^»ii> PRO P.? •KIX. Theorem. - 

« 

If the oppofite angles of a quadrilateral^ 
taken together, be equwi to two right angles, 
ia circle may be defcribec^^out that quadri- 
lateral. 



\. 




Lee AlsCD be » iquadrilaterat, \«4lofe 0|>porit» angles 
X>CB, DAB are, together, eq^ual to twa ri{^ angles : then 
nay a chcle be defcribed about that quadrilateral. 

For fince the circumference of a circle may be dt- 
fcribed through any three points (III. 18.), let £ bdthe 
centre of a circle which pefles through the points 9, c^ b ; 
and draw the indefinite right liile efa. 

And if the circle does not pafs through the fourdi point 
A, let it pafs, if poffible, through fome other point f, in 
the line £A, and draw the lines i?^ fb, and bd. 

Then, fince the oppofite angles b fd, dcb are, together, 
equal to two right angles- (III. V7.}, and the angles bad, 
DCB are alfo equal to two right angles {iy Hyp.)^ the 
angles bfd, dcb will be equal to the angles bad, dcb. 

AxkI 
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And if, from each of thefe equals, there be taken the 
linglc DCB, which 1^ commori to both, the remaining 
angle bad will be equal to the remaining ailgle bfd; oFi 
which is the fame thing, the twb angles bF£, EtB will 
be equaHbthe two angled BAE, fiAdj which is impof- 
fible (I. 16.) 

The circumfer<iricfc of th^ circle, therefore, cannbt paft 
through thei point f ; and the fame may be demo^iilrated 
nf any other point in the line EA, except the point A) 
whence a circle may be defcribed about the quadrilateral 
ABCB, as v^as to b6 (hewn^ 



PRO?. XX. tHEOREM. 

Segments of circles, /which ftand ilpOix 
equal chords^ and contain equal angles^ ara 
equal to each other; 





Let AciB, DFE be two fegm^nts of circles, which ftarid 
upon the equal chords AB, p£, and contain equal angles i 
then will thote fegments be equal to each other. 

For let the fegment dfe be applied to the fegment acb> 
fo that the point D may fall upon the point a, and the line 
D£ upon the line AB* 

Then, fince de is equal to ab (ky Hyp*)^ the point s 
will fall upon the point b, and tht two fegments will co.* 
incide with each others 

Vi - Fcr 
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For if they do not, there muft be fome point, in the cir» 
cumference of one of them, which will £ail either waihi^ 
or without the other. - 

, Let the point ^F , in the circumference of the cirde. D f z^ 
be that point ; which fuppofe to fall at o within the cirdf 
ACB ; and draw the lines agc, bc and BC 

Then* fince the outward angle acb, of the triangle 
ICG, iA greater tbim the inward oppofite ang^le acB, i| 
will alfo he greater than the angle Pf js, which i$ equal t^ 
^CB, or ACB {iy Hyp.) 

But the angle agb is alfo equal to. the angle df£, be^ 
caufe the fegments in which they ftand are identical ^ 
whence they are equal and unequal at the fame time, 
which is abfard* 

The point f, therefore, cannot fall within the circle 
ACB ; and in the fame manner it may be ihewn that it 
cannot fall without it ; con£equently the fegments jQttft 
coincide, and be equal to each other. Q. £. D. 

Co ROLL. Segments of circles, which ftand upon equal 
chords, and contain equal angles, have equal circum- 
ferences. 



PROPe 
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P H O P. XXI; Theorem; 

In ciqiial circleB^ equal angles il^^ncj lipofi 
feqlial arcs$ ' whether they be at the centres 
Or circumferences ; and if the arcs be equali 
th;d angles will be equal; 





Let ABC, D£F be two e4uai circles, Having thfe dhgjei 
Agb, PHE, at their centres, equal to each other, as alfo 
Ihe angles ACB, dfe; at their circiimfetences ; then will 
the arc akb be equal id the jirc dle. 

For, joiii the Jioiht^ Ab, de : thenj finCe the circle* 
are-equal to e^ch other {^y Hyp*}, their radii aii4 circum- 
fpirences will alfo be equal (III. 5.) 

And, fince the two fides AG, GB of thfe triahgle ABG^ 
Are equal to the tWo (ides dh; he of the triangle deh^ 
and the angle agb to thie angle Dht [by H^-)i their 
bafes Afi^ D£ will likewife be equal (1. 4.) 

The chord ab, therefore^ being equal to the chbrd DZi 
«nd the angle acb to the angle dfe {By Hyp,)^ the ard 
B^A will alfo be equal to the arc efd {Cor. III. 20;) 

But fince the wh»le circumference of the circle abc, i« 
e^ual to the whqie circumference of the circle def, and 
the arc Be A to the arc efd, the arc akb will alfo be 
^uai to the axx i>L£; 

H £ Agaioi 



100 tLEMENTS OF GEOMETRY. 

Again^ let the arc akb be equal to the arc dle ; thetJ 
will the angle agb be equal to the angle dhe, and thr 
angle ACtt to the angle dfe. 

For, if AGB be not equal to DHfi, one of them muft 
be greater than the other; let agb be the greater; and 
make the angle agk equal to dhe (I. 20,) 

Then, fince, equal angles (land upon equal arcs (III. 
21.), the arc ak will be equal to the arc dle. 

But the arc dle is equal to the arc akb (ij Hyp.); 
whence the arc ak is alfo equal to the arc akb ; the lef» 
to the greater, which is impoffible. 

The angle agb, therefore, is not greater than the angle 
DHE ; and in the fame manner it may be proved that it 
cannot be lefs ; confequently they are equal to each other. 

And fince angles at the centre are double to thofe at the 
circumference, the angle acb will alfo be equal to the 
angle dfe. Q.E.D. 

■ 

PROP. ^ XXII. Theohem, 

In equal cirdes, equal chords fubtend 
equal arcs ; the greater equal to the greater, 
and the lefs to the lefs ; and if the chords be 
equal the arcs will be equaL 





Let ABC, DEF be two equal circles, in which the 
chord AB is equal to the chord D£ ; then will the arc 

JiCU 



/ 
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ACB be equal to the arc dfe, and the arc a KB to the 
arc DL£. 

For, find G, H, the centres of the circles (III. 1.), and 
join GA, GB, HD and he. 

Then, finoe the circles are equal to each other {iy 
Hyp') their radii and circumferences will alfo be equal 
(III. 5.) 

And, fince the fides AG, gb are equal to the fides 
DH, HE, and the bafe ab to the bafe de [by Hyp.), the 
angle agb will alfo be equal to the angle dhe (I. 22.) 

But equal angles, at the centres of equal circles, ftand 
upon equal arcs (III. 2\,) ; therefore the arc akb is equal 
to the arc dle. 

And fince the whole circumference of the circle abc is 
equal to the whole circumference of the circle def, and 
the arc akb to the arc dle, the arc acb will alfo be 
equal to th« arc dfb^ 

Again, let abc, jdef be two equal circles, of which 
the arc akb is equal to the arc dle ; then will the chord 
AJ3 be equal to the chord de. 

For let G, H be the centres of the circles, found ^ be- * 
fore ; and join AG, gb, dh and he^ 

Then, fince the circles are equal to each other [by 
Hyp*), the radii AG, gb wijl be equal to the radii pH, 
HE (III. 5.) 

And becaufe th<? arc akb is equal to the sure dle [by 
Hypr>)i the angles agb, dh£, at the centnps, will be equal 
(111.21.) 

Put, fince the two fides AG, gb are equal to the two 
fides DH, HE, and the angle agb to the angle dhe, the 
b^fc AJ^ will alfo be equal to the bafe de (1, 4.j Q. E. Q^ 

ns PROP, 
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PROP. XXin. Problj;m. 

To bife6t a given arc^ that is, to divide i|^ 
ipto two equaj part§. 




Let ADB be the given ;jrc ; it is required to dividit i$ 
into two equal parts. 

Draw the right line ab, which bifeft in c (I. 10.) ; and, 
from the point c, ereft the perpendicular cd (I. 1 1.) J 
thtn will the arc adb be bifefted in the point 0, a$ w*$ 
fequiredp 

For, join the points ad , db : then, finrt thctwq 
fides AC, CD, of the triangle a DC, are equal to the twp 
fides BC^ CD of the triangle bdc, and the aiigle acd to 
the angle bcd (I. 8.), thj^ bafe ad will be equal to thjf 
bafe DB (1.4.) 

And, becaufe dc, or dc produced, pafles through thp 
jctotre of the circle (III. 1 Cor*), the fegments Aop, D5F 
will be each of them lefs than a femicircle. 

But equal chords are fubtended by equal arcs, the 
greater equal to the greater, and the lefs to the lefs (III, 
5?2.) ; whence the chord ad being equal to the chord db^ 
^he arc AE D will be equal to the arc d F b . Q. E. !• 

Scholium. An arc pf a circle cannot, in general, be 
f rifejEled, or divided into three equal parts, by any know?i 
ip^bod^ Whipb 13 purely geoinf^trical,^ 

f R O p. 
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PROP. XXIV. Theorem^ 

The angle formed by a tangent to a circle 
and a chord drawn from the point of con- 
ta^i^ is equal to the angle in the alternate 
fegment 




hct BC be a tangent to the circle afi>£« and j^t a 
ehcnrd drawn from the point of conta£l; then will thtf 
angle cap be equal to the angle af£ in the alternate 
fegment^ . 

For draw the diameter ad (III. 1.) and join the 
points F, D : ^ ^ 

Then, becaufe bc is a tangisnt to the circle, and a0 
16 a line drawn through the centre, from the point of 
contafl, the angle dac will be a right angle (IIL 12.) 

And, becaufe afd is a femi-circle, the angle dfa will 
alfo be a right angle (III^ 16. \ and equal to the angle 

DAC^ 

But (ince all angks in the fame fegn»ent of a circle 
;ire equal to each other (JII. 15,}, the angle dfe will be 
equal to the angle dae. 

If« tberefoi^, from the equal angles dac, dfa,. there 
be taken the equal angles dae, dfe, the remaining angle 
CAE will be equsi to the remaining angle af£. Q.E.D^ 

H4 PROP* 
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PROP. XXV. Prqblem, 

Upon a given right lir^e to defcribe a feg* 
ment of a circle, that ftiall contain an angl^ 
^qual to a given re6lilineal angle , 





Let AB be the given right line, and c the given Tt8ki% 
lineal angle ; it is required to defcribe a fegment of a cir^ 
cle upon the line ab that fhall contain an angle equal to c. 

Make the angle bad equal to c (I. 20.), and, from the 
point A, draw ae at right angles to ad (I. 1 1.) and make 
the angle abf equal to the angle fab (I. 20,) 

Then, fince the angles abf, fab are equal to each 
other, and lefs than tyro right angles, the fides af, ya wiU 
meet, and be equal to each other (I, 25 On and L 6.) 

From the point f, therefore, at the dift^^nce fa, or fb, 
defcribe the circle AEB, ^nd abjla will be the fegment 
required. 

For let AF be produced to cut thp circle in £ ; 4n4 
join the points £, b. 

Then, becaufe ad is perpendicular to the diameter ae, 
^t will be a tangent to the circle at the point a (III. 10.) 

And, becaufe ad touchc3 the circle, and ab is 9 
(^ofd draw^ ,from the point of cpntaft, the ^ngl^ bai) 

will 
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will be icqual to the ^gle aeb in the alternate fegmcnt 
(III. 24.) 

3ut the angle bad is equal to the angle. c, by con* 
ftruaion ; confequently the angle aeb is alfo equal to 
^he angle c, Q.E.I. 

Scholium. When the given angle is a right angle, a 
femi-circle defcribed upon the given line will be the feg* 
jnent required (III. 16.) 



. PROP, XXVL Problem, 

To cut off a fegment from a given circle, 
that (hall contain an angle equal to a given 
ygdilineal angle, 




Let ABC be a given circle, and d a given rcftilinca^ 
angle ; it is required to cut off a fegment from the circle. 
ABC, that (hall contain an angle equal to d. 

Draw the right line ^F, to touch the circle ABC in. the 
point A (III. 10.), and make the angle fab equal to the 
angle d (I. ^0.) ; then will abca be the fegment re^ 
l^uired* 

For, iince ef is a tangent to the circle, and ab is a 
(chord drawn from the point of contaft, the angle fab 
V^ill be equal to the angle acb in the alternate fegment 

But 
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Bui the angle fab k equdi to fheaAgle t), by coin<« 
ftruftion; confequently the angle acb, in the fcgintenfc 
ABC Ay ii alfd equal to the angle o. Q. £. L 



PROP, XXVIL Theorem, 

If two right lines in a circle jnterfe6l each, 
other, the reftangle contained under the feg* 
ments of the one, will be equal to the reft- 
angle contained under the fegments of the 
other. 




Let A B, CD be any two right lines, in the circle acbb, 
interfe£):ing each other in the point f ; then will the reft- 
angle contained under the parts af, fb of the one, be 
iqtial to the reftahgle contained utid^r the parti CFt ro 
df the other. 

For, through the point f, draw the diameter hi (IlK 
1.) ; and, from the centre E, draw eg at right angles to 
Ab (I. 1^.}, and jom AB : 

Then, fihce aef is a triangle, and the perpendicular 
EG divides the chord ab into two equal parts (III. d.)i 
(he line fb will be equal to the difiFerence of the fegtnents 
Ag, gt. 

And, bccaufe e is the centre of the circle, and Afe tt 
equal to Ei or eh, the line Fi will be equal to the fum of 

the 



o 
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fiiQ fideji A£ and ^f ; and fh will be equal to their difr 
Ijerence. 

But the re£langle under the fum and difference of the 

jt^o fid^s of any triafigle, ii equal to the re3afig!e nnder 

^he bafe' and the difierenc6 of the fegnientg of the bsffif 

^or. II. 16.) ; whence the re£langle of IF, Tii is equal-t^ 

' |he refiangle of af, fB, ^ 

And, in the fame manner, it may be proved, that the 
feSangle of if, fh, is equal to the reSangle of DF, ^C } 
jconfequ^ently the re£bngle of AF ; ^B is aHb pqtnil to thd 
jreSangle of p f , f c . Q. £. D. 

Scholium. When the two lines interfeft each other 
in the centre of the circle, the reftangles of their fegments 
^iil m^ifeftly be equal^ becaufe the fegngients themf^lvef 



PROP. 
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• • • I - 

PROP. XXVIIL Theorem. 

. If two right lines be drawn from any 
point without a circle, to the oppoiite part, 
of the circumference, the reflangle of the 
whole and CJxternal part of the one, will be 
equal to the re6langle of the whole and 
external part of the other. 



(t 




Let AD IB be a circle, and ac, bc any two right linci, 
drawn from the point c, to the oppofite part of the cir. 
cumference; then will the re&angle of AC, CD be equal 
to the reflangle of bc, of. 

For, through the centre e, and the point c, draw the O 
right line CH ; and, from the point e, draw eg at right 
angles to AC (I. 12,) and join ae. 

Then, fince aec is a triangle, and the perpendicular 
EG divides the chord ad into two equal parts (III. 3.), 
the line dc will be equal to the difference of the fegments 

AG, GC. 

And, becaufe e is the centre of the circle, and ae is 
equal to eh, or ei, the line hc will be equal to the fum 
of the fides ae, ec, and ic will be equal to their, 
difference* 

But 
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But the re&angle under the fum* and difference of the 
two fides of any triangle, i%:etq\xxl to the re£Ung(le under 
the bafe and the difference: of the fegments of the bafe 
{Cor. 11. 16.); whence there6langle of HC, ci is equal 
to the reSangle of AGj CD* 

And, in the fame manner, it may be proved, that the 
reQangle of hC, ci is alfo equal to the re£langle of 
CB, CF : confequently the reftangle of AC, CD will be 
equal to the re£langle of C B, c f • Q* £• D* 



PROP. XXIX. Theorem. 




If two right lines be drawn from any 
point without a circle, the one to cut it, 
and the other to touch it ; the re6langle of 
the whole and external part of the one, will 
be equal to the fquare of the other. 




Let CB, CA be any two right lines drawn from the 
point c, the one to cut the circle adbg, and the other to 
touch it; then will the reftangle of CB, CF be equal to 
the fquare of ca« 

For, 
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■ 

For, find JLi the centre of the circle (HI. !•), ah J 
(hrpogh^e point! £, c draw die Une C£o / sttid join c A : 
; Then, fince ac ia a tangent to the circle/ and BA iiif 
line dr^^yn frgm the Gentre to the point Qf^:Qnti^, thcf 
angle cae is a right angle (III. 1^.) 

And, becaufe £A is equal to EG, or £oVAe Hne CG^ 
vill be equal to the jTuin of BA* £C| and ^d wilt be equ£^ 
|o their difference. 

$ilice, therefore, the red:angle under the fu^ and dif- 
ference of any two lines is equal to the difference of their 
fqiiares (II. 13.), the reflangle of CG, CD will be equal tor 
the difference of the fquares of CE, ea. 

But th? differ^ce of the fquares .of CE, EA is equal tor 
the fquare of c a {Csr. II. 14.) ; therefore the reftangle o? 
c<>, CD will alfo be equal to the fi^are of CA* 

And it has been fliewn, in the laft proppfition, that thte' 
reftangle of CG, CD is equal to the reftangle of CB, CF jt 
confequently the reft angle of CB, Cp, will alfo be equsA 
to the fquare of c a. Q. £• D« 



PROP. 
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P R O P. XXX. Theorem. 

If two right lines be drawn from a point 
without a circle, the one to cut it, and the 
other to meet it ; and if the re^ngle of the 
w^pl^ 304 fi^Tii^i part of the one be equ^l 
tp the fquarie of the other^ the latter will be- 
a tangent to the circle. 




Let AB, AC be two right lines, drawn from any point 
Af without the circle cbd, the one to cut it, and the 
other to meet it : then, if the reftangle of ab, ae be equal 
to the fquare of AC, the line ac will be a tangent to the 
circle. 

For, let F be the centre ; and from the point a draw 
AD to touch the circle at d (III. 10.); alfo join fd 

FA, FC. 

Then, fince ad is a tangent to the circle, and aeb 
cuts it, the re£langle of ab, ae is equal to the fquare of 
AD (III. 29.) 

But the reftangle of ab, ae is alfo equal to the fquare 
of AC {iy Hyp') ; whence the fquare of AC is equal to the 
fqutre of ad^ or ac equal to ad (II. S.) 

1 And, 
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And, becaufe FC is equal to fd, ac to A0, and Af 
common to each of the triangles afc, afp, the angte 
ACF will alfo.be equal to the angle aDf (I. £1.) 

But, fince ad touches the circle, and df is aline drawn 
from the centre to the point of contaCl, the angle adf ii 
a right angle (III. 12.) 

The angle acf, therefore, is alfo a right angle; and 
CF produced is a diameter of the circle, 
• And fince a right line^ drawn from the end of the dia-' 
meter, at right angles to it, touches the circle (IIL 10.)r 
AC will be a tangent to the circle CBD,.as was to be 
&ewn. 



. » 
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PROP. I. Problem, 

To place ^ right line in a given circle, 
equal to a given right line^ not greater than 
tne diameter of the circle. 




Let ABC be a given circle, and d a given right line» 
not greater than the diameter ; it is required to place a 
line in the circle abc that Ihail be equal to d. 

Find the centre of the circle (III. l.)i and draw- 
any diameter ab ; then if A B be equal to d the thing 
requireH is done. 

But if not, make A£ equal to D (L 3.) ; and from 
the point a, at the diftance A£, defcribe the circle F£C» 
Cutting the former in c. 

Join the points a, c ; and AC will be equal to D, as 
Was required. 

For fince a is the centre of the circle cef, ac is equal 
to A£. 

But D is alfo equal to A£» by conftrudion ; whence 
AC is, likewife, equal to d. 

In the circle abc, therefore, a right line has been 
placed equal to D, which was to be done. 

13 PROP. 
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5. A circle i8 faid to be infcribed in a reftilineal figure, 
when its circumference touches every fide of that figure, 

D 

€• A circle is faid to be defcribed about a reflilineal 
figure, when its circumference paiTes through all the 
angular points of that figure. 




7, A right h'ne is faid to be placed, or applied, in a 
circle> when the extremities of it are in the circum- 
ference of the circle. 




«. All plane figures contained under more than four 
fides are called polygons ; and if the angles, as well as 
fides, are all equal, they are called regular polygons. 



O 



9. Polygons of five fides, are called pentagons ; thofe 
of fix fides hexagons ; thofe- of fcven heptagons ; and 
lo on. 



PROP. 
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PROP. I. Problem. 

To place ^ right line in a given circle, 
equal to a given right line^ not greater than 
tne diameter of the circle. 




Let ABC be a given circle, and d a given right line» 
not greater than the diameter ; it is required to place a 
line in the circle abc that Ihall be equal to d. 

Find the centre of the circle (III. l.)i and draw- 
any diameter ab ; then if A b be equal to d the thing 
requireH is done. 

But if not, make A£ equal to D (L 3.) ; and from 
the point a, at the diftance ae, defcribe the circle f£C» 
Cutting the former in c. 

Join the points A, c ; and AC will be equal to D, as 
Was required. 

For fince A is the centre of the circle cef, ac is equal 

to A£. 

But D is alfo equal to A£» by conftrudion ; whence 
AC is, likewife, equal to D. 

In the circle abc, therefore, a right line has been 
placed equal to d, which was to be done. 

J« PROP. 
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PROP. II. PaoALEif. 

To infcribe a triangle in a given circle, 
th^fhall be equiangular to ^ given triangle* 





Let ABC be the given circk,. and def the given trian- 
gle ; it is required to infcribe a triangle in the circle ABC, 
that fhall be equianguhr to the triangle def. 
*' Draw the right line gh to touch the circle ABG in . 
the point c (HK 10.) ; and, make the angle hcb equal* to 
the angle d (I. 20.), and the angle gca to the angle E ; 
jmd join ab ; th^n will acb be the triangle required. 

For, fince the right line OH is a tangent to the circle, 
and CB isra chord drawn from the point of conttiQ, the 
angle hcb will be equal to the angle cabt in the alternate 
fegment (III. 24.) 

But the angle hcb is equal to^the angle D, by ccm- 
ftruftion; therefore the angle cab is alfo equal to the 
angle d. 

And, in the fame manner, it may be proved, that the 
angle cba is equal to the angle e. 

^ t But, fince the angle cab is" equal" to the angle 0", and 
the angle cba to the angle e, the remaining angle acb 
will alfo be eqital to the remaining angle f [Cor. I. 28.), 
and confcquently the triangle acb is equianglar to the 
triangle def. Q. £. D. 

PROP. 
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PROP. III. Problem. 

: • ! 

To circunircribe a triangle about a giveh 
circle, that fliall be equiangular to a given 
triangle. , ^ 



"T T-R. 




Let ABC be the given circle, and-DEF the given tri- 
angle; it is required to circumfcribe a triangle about the 
circle ABC that fliall be equiangular tq the triangle def. 

Produce the line ef to G and h ; and, at the centre r, 
maklsthe angles aib, bic equal tothfe angles D£Q» dfh 
(I.^O.); and draw theJines mk, kl, lm, to touch the 
circle in the points A, B, c (III. 10.) ; and join ab. 

Then, fince the angles iak, kbi, are, each of them, 
a right angle (III.. 12.}, the angles bak, kba, taken 
together, will be lefs than two right angles. 

But when a right line interfefts two other right lines, 
and makes the two interior angles, on the fame fide, to- 
gether Icfs th2(fXtwo right angles, thofe lines will, if pro- 
duced, meet each other (I. 25.Xor,) 

The' line mk, therefdte, jneets th^ line kl ; and, if 
A, c, c, b be joined, the fame may he proved of the lines 
KL, LM and mk; confequently the figure klm is a 
.triangle. ; ; . . . 

. .And, becaufe the four angles of the quadrilateral aibk 
are equal to four right angles (Cor, I. ^j8.), and the angles 

Is . IAK> 
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lAK, KB I are each a right angle, the remaining angles 
AiB, BKA will be equal to two right angles. 

But the angles deg, def are alfo equal to two right 
angles (I. lS.)i therefore, fince the angle deg is equal 
to the angle aib {by Con/i,)^ the remaining angle bka will 
be equal to the remaining angle def. 

And, in the fame manner, it may be proved, that the 
angle clb is equal to the angle dfe. 

The angle mkl, therefore, being equal to the angle 
DEF, and the angle mlk to the angle dfe, the remain- 
ing angle kml will alfo be equal to the remaining angle 
EOF ; and confequently the triangle ktM is equiangular 
to the triangle £FO« Q. {a D. 

PROP. IV. Problem. 

In a given triangle to infcribe a circle. 




Let Abc be the given triangle ; it is required to infcribe 
a circle in it. 

Bife£l the angles cab, ABC, with the right lines ad> 
DB fl. 9.) 

Then, fince the angles dab, dba are lefs than two 
right angles (11^28.), the lines ad, db, will, if produced, 
meet each other (I. 25. Cor.) 

And, if from the point of interfefiion D, there be drawn 
the perpendiculars df, dg and D£, they will be the radii 
" • of the circle required. 

For, 
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For, fince the angle £AD is equal to the angle dap 
(iy Conji.), and the angle AED to the angle dfa, (being 
each of them right angles)^ the remaining angle eda will 
alfo be equal to the remaining aingle adf (L 28. Cor.) 

The triangles ade, daf, therefore^ being equiangular, 
and having the fide ad common to both, the fide D£ wiU 
alfo be equal to the fide dp (I. SI.) 

And, in the fame manner, it may be proved, that the 
fide DO is equal to the fide df. 

The right lines de, dg and df are, therefore, all equal 
to each other ; and the angles at the points f, e and O 
are right angles, by conftruftion. 

If, therefore, a circle be defcribcd from the centre D, 
with either of the diflances de, dg or df, it will toucb 
the fides in the points £, G, f (III. 10.} and be infcribtd 
in the triangle abc, as was to be done. 



PROP. V. Problem. 

To circumfcribe a circle i^bout a ^iven 
triangle. 




Let ABC be the given triangle; it is required to cir* 
cumfcribe a circle about it. 

Bife£l the fides AC, cb with the perpendiculars Dt, $F 
(I. 10 and 11.) ; and join df. 

1 4 Tbcn^ 
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Then, fiqce the angles edf, dfe are lefs than two 
Tight angles [by Conft.)^ the lines de, ef will meet each 
other {1.25. Cor.) * * 

JLet E, therefore, be their point of interfeflion, and 
, draw the lines ea, £C and eb. 

Then, becaufe ^x> is ^qual to DC [by Canfi.)^ de cpn^i- 
mon, and the angle ade equal to the angle ei>.C (beiqg 
' each of them right angles}, the bafe ae will alJCo be equal 
to the bafe EC (I. 4.) . 

^i^d, in the fame manner, it maybe provied, tha^ EC 
^is /qual to ^^ ; confequently £ a, eg and zi^ are all equid 
to each other. 

If, therefore, a circle be defcribed from the ppint E, at 
either of the diflancer ea, ec or eb, it will pafs through 
. th? remaining points, and cir;:umfcribe the triangle AJC, 
as was to be don^* 



PROP. VI. Problem. 



To infcribe a fquare in a given circle. 




Let abcd be the given circle; it is required to In- 
fcribe a fquare in it. 

Throi gh ]?, the centre of the circle, draw any two . 
diameters AC, bd at right angles to each other (I. 11, 1^.), 
andjoii^ a^, fiC| CD and da; then will BCDtv be the 
fquare required. 

For 
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For fince the iwq iides 3£, £A, are equal to the two 
ildes £p, £At and the angle s£a to the angle A£D, (be- 
ing each of them right angles)> the bafe b a will he e^ual 
to the bafe ad (I. 4.) * 

Andk in the fame manner, it may be proved, that the 
iide$ ^c, CD are each equal to the iide^ b A, as); whence 
the figure bcd A is equilateral. 

It is alfo reSanguIar : for fince boa is a femi-circle, 
the ai^le m\d is a right angle (III. 153.) 

And, for the fame reaibn, the angles abc« BCD and 
CD A are each of them right angles. 

The figure BCD a, therefore, being equilateral, and 
having all its angles right angles is a fquare, and it ji 
U|fcribe4 in the circle abcd, as was to be done. ' 



PROP. VII. Problem. 

. .J 

To circumfcribe a fquare about a given 
circle* 




Let abcd be the given circle; it Is required to cir- 
cumfcribe a fquare about it. 

Draw any two diameters AC, BD at right angles to 
each other (I. 1 1, 12.); and through the points a, b, c, d, 
draw the tangents kf, fg, gh, hk (III. 10.) ; and 
join AB. 

Then, 
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S. A circle is faid to be infcribed in a reftilineal figure, 
•when its circumference touches every fide of that figure. 



n 



€, A circle is faid to be defcribed about a re£):ilineal 
figure, when its circumference paffes through all the 
angular points of that figure. 




7. A right line is faid to be placed, or applied, in a 
circle, when the extremities of it are in the circum- 
ference of the circle. 




*" S. All plane figures contained under more than four 
fides are called polygons ; and if the angles, as well as 
fides, are all equal, they are called regular polygons. 



O 



9, Polygons of five fides, are called pentagons ; thofe 
of fix fides hexagons ; thofe- of fcven heptagons ; and 
lu on. 



FRO P. 
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PROP, I. Problem. 

To place a right line in a given circle, 
equal to a given right line^ not greater than 
the diameter of the circle. 




Let ABC be a given circle, and d a given right line» 
not greater than the diameter ; it is required to place a 
line in the circle abc that fliall be equal to d. 

Find the centre of the circle (III. 1.)) and draw 
any diameter ab ; then if ab be equal to d the thing 
requireH is done. 

But if not, make A£ equal to D (L S.) ; and from 
the point a, at the diftance ae, defcribe the circle f£C» 
Cutting the former in c. 

Join the points A, c ; and AC will be equal to d, as 
Was required. 

For fince A is the centre of the circle cef, ac is equal 
to A£. 

But D is alfo equal to A£, by conftrudion; whence 
AC is, likewife, equal to D. 

In the circle abc, therefore, a right line has been 
placed equal to D, which was to be done. 

Is PROP. 
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And if, to each of thefe angles, there be added the 
angle fbd, the whole angle dbe or feb will be equal to 
the angles fdb, fbo, taken together. 

But the angle dbe is equal to the angle deb, or FEB, 
(1. 5,), and the angles F db, f b d to the angle e f b (I, 2S.] ; 
whence the angle feb will be equal to .the angle efb, and 
the fide eb to the fide bf (I. 5.) 

And fince eb is equal to fd, by conflru6lion, BF will 
alfo be equal to fd, and the angle fdb to the angle 
fbd (I. 5.) 

Thefe two angles, therefore, taken together, are double 
the angle fdb ; whence the angle efb, or its equal feb, 
is alfo double the angle fdb. 

But the angle feb, or ceb, is equal to the angle cab 
(III. 15.}, and the angle fdb, or edb, to the angle acb 
(III. 14. and I. Ax. 6.} ; confequently the angle CAB is 
idfo double the angle acb. 

And, fince eac, ebc are right angled triangles (III. 
16.), having ea equal to eb {iy Conft.) and EC com- 
mon, the remaining fide AC will be equal to the remain- 
ing fide cb (III. B. Car.) 

The triangle abc, therefore, is ifofceles, and has each 
of the angles at its bafe double the angle at the vertex ; 
as was to be fliewn. 



PHOP. 
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PROP. XL Problem. 

In a given circle to infcribe a regular 
pentagon. 




Let CDAE£ be the given circle; it is required to in« 
fcribe a regular pentagon in it. 

Make the ifofceles triangle abc fuch, that each of the 
angles cab, cb a may be double the angle acb (IV. 10.) . 

Bife6l the angles cab, cba with the lines ae, bd (L 
9.), and join the points ad, dc,.C£, eb ; then will 
▲becd be the pentagon required. 

For, fin ce the angles cab, cba are each double the 
angle acb {by Conjl.), and the lines ae, bd bifeft them^ 
the angles acb, cae, eab, abd and dbc are all equal 
to each other. 

And fmce equal angles ftand upon equal circumferences 
(IIL^l.), the arcs CD, da, ab, be and £C are alfo equal 
to each other. 

But equal arcs are fubtended by equal chords (IIL 52.); 
confequentiy the fides cd, da, ab, be and EC are, like- 
wife, equal. 

The figure abicd is, therefore, equilateral : and it is 
alfo equiangular. 

For, fince the arc CD is equal to the arc be, to each 
of them add dab, and the arc cdab will be equal to the 
arc DAB St 

But 



168^ ELEMENTS eP OEOBTETRY. 

But equal angles are fvibtended by eq.ual arcs (III. 21,), 
whence the angle ceb is equal to the angle fiCE. 

And, in the fame manner, it may be fhewn, that each 
of the angles CDA» dab, ab£ are equal to the angle 

CEB or 0CE. 

The pentagon abecd,. therefore, is both equilateral 
and equiangular, and it is infcribed in the given circle, 
as was to be done* 



PROP. XIL 

About a given circle to defcribe a regal» 
pentagon. 




Let ABCDf; be the ^ven- circle; it i^ required to cir- 
cumfcribe it with a regular pentagon. 

Infcribc the regular pentagon deabg (IV. 11. )y and 
through-tJie pohtti* a, B, g, d, e, draw the ta^igents fg, 
CH, HK, KL aijd lf; alfo join the points? 0,A, o,b, 
e,c, o,D and o,E. 

Then, fincc the angles OET, GAP are right angles 
(III. 12.), the angles oea, oae, taken together, are lefs 
than two right angles; whence riie lines lf, «g will 
meet each other (I. 25. Con) 

And, in the fame manner, it maiy be proved, that all 
ihfi other lines P6, Oti> HK, kl and lf will meet each 
•iher. 

And, 
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And', fince oe, oa and OB are all equal to each other, 
and £A Is equal to ab, the wangles oea, oae, gab and 
OB A will be all equal to each other (I. 7.) 

But the angles at the points £, a, b are alfo equal, 
being each of them right angles (III. 12.) ; confequently 
the angles aef, eaf, bag and abg are likewife equal ; 
and the angle f equal to the angle c (I. 21.) 

And, in the fame manner, it may be (hewn, that the 
angles o, h, k, l and f aie all equal to each other. 

Since, therefore, the triangles efa, acb, &c. arc 
equiangular, and have their bafes £A, ab, &c. equal to 
each other, the remaining fides ef, fa, ag, gb, &c. 
will alfo be equal (L 21.) : 

And fince lf, fg, &c. are the doubles of ef, fa, &c. 
the figure fghkl is a regular pentagon ; and it is cirqum* 
fcribed about the circle abcde, as was to be done. 



PROP. XIII. Problem. 

In a given regular pentagon to infcribe a 
circle. 




H D 



Let ABCDE be the given regular pentagon ; it is re- 
quired to infcribe a circle in it. 

Bifeft any two angles BCD, CDE with the right lines 
CO, OD (I. 9.)» ^"^ ^^^ point of interfeflion o will be 
the centre of the circle required. 

K For 
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For draw the lines OB, OA and oe, and let fall the per- 
pendiculars OH, OK, OL, 6t and og (I. H.) : 

Then, becaufe gb is equal to CD {by Hyp.), CO com- 
mon, and the angle bco equal to the angle OCD (by Confi.)^ 
the angle gbo will Mo be equal to the angle ODC (I. 7.) 

But the angle ODC is equal to half the angle ODE [by 
Conji.), and the angle CDE is equal to the angle cba [by 
Hyp*) ; confequently the angle CBO is alfo equal to half 
the angle cba. 

The angle cba, therefore, is bife61ed by the line BO \ 
and, in the fame manner, it may be fliewn, that the angles 
at the points a, e are bifeftcd, by the lines ao, OE. 

Again, becaufe the triangles occ, OCH are equiangular^ 
and have OC common to each, the perpendicular OG will 
be equal to the perpendicular OH (I. 21.) 

And, in the fame manner, it may be fhewn, that OH| 
pK, OL, OF and OG are all equal to each other. 

If, therefore, a circle be defcribed from the centre o, 
at either of thefe diAances, it will pjifs through the re» 
maining points, and be infcribed in the pentagon abcd£| 
as was to be done. 



PROP, 
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PROP. XIV. Problem. 

To defcribe a circle about a given regular 
pentagon^ 




Let ABODE be a given regular pentagon ; it is required 
to circamfcribe it with a circle. 

Bife£l any two angles bcd, xtde, with the right lines 
CO, OD (1.9.), qind the point of interfeftiorji O will be 
the centre of the circle required. 

For, draw the lines ob, OA and OE : 

Then» becaufe CB is equal to CD [by Hyp,), CO com- 
mon, and thd angle bco equal to the angle ocd [by Conft.)^ 
the angle cbo will alfo be equal to the angle ODC (1. 4.J 

But the angle odc is equal to half the angle cde,.(^;^ 
ConJi.)y and the angle cde is equal to the angle cba 
(by Hyp.) ; whence the angle cbo is alfo equal to half the 
angle cba. 

The' angle cba, therefore, is bife^ed by the line bo ; 
and, in. the fame manner, it may be (hewn, that the angles 
at the points A, Eairebifefted, by the lines ao, oe. 

Since, therefore, the angle ocd is equal to the angle 
OPC {by Hyp. and Ax. 7.), the fideoc will alfo be equal 
to the fide od (I. 5.) 

And, in the fame manner, it may be fliewn, that od, 
PE, O A, OB and oc are all equal to each other. 

K ^ If, 
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If, therefore, a circle be defcribed from the point o, at 
either of thefe dift^pces, it will pafs through the remain- 
ing points, and circumfcribe the pentagon abcde, as was 
to be done, 



PROP. XV, PROBLEM. 

In a given circle to infcribe 9. regular 
hexagon, 




Let ACEF be a given circle; it is required to infcribe 
a regular hexagon in it. 

Through the centre o draw the diameter ad, and make 
DC equal to DO (IV. I.), and it will be the fide of the 
hexagon required. 

For, draw the diameter c f , and make b e parallel to 
CD (I. 27.); andjoin the points de,ef, fa, ab and bc : 

Then, fince doc is an equilateral triangle, the angles 
ODC, OCD and doc will be all fequal to each other 
(I. 5. Cor.) 

And, becaufe OE is parallel to cd, the angle eod will 
be equal to the angle odc (I. ^4.}, and the angle foe to 
the angle ocd (I. 25.) 

But the angles ODC, ocd are each equal to the angle 
DOC; therefore, the angles doc, eod and foe are all 
equal to each other ; as are alfo the oppofite angles foa, 
aob and Boc. 

Since, 
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Since, therefore, the triangles cod, DOfi, &c. have 
two fides, and the included angle of the one equal to two 
fides and the included angle of the other, they will be 
equal in all refpcfts (1.4.) 

The fides CD, de, ef, &c. are therefore all equal to 
each other, as are alfo the angles Bcp, cde, &c. whence 
ABCDEF is a regular hexagon; and it is infcribed in the 
circle acef, as was to be done. 

Scholium. Befides the figures here conftrufted, and 
thofe arifing from thence by continual bifeftions, or taking 
the differences, no other regular polygon can be defcribed, 
by any known method, purely geometrical - 

It may alfo be obferved that fome of thefe figures, as 
well as feveral others, in the former part of the work, 
may often be defcribed in a much eafier way, for pra6lix:al 
purpofes ; but the principles upon which they depend can 
only be obtained from the following books of the Ele- 
ments. 



KS BOOK 
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BOOK V. 

. DEFINITIONS. 

1. A lefs magnitude is faid to be a part of a greater, 
when the lefs is contained a certain number of times in 
the greater. 

2. A greater magnitude is faid to be a muhiple of a 
lefs, when the greater is equal to a certain number of 
times the lefs. 

3. Ratio is a certain mutual relation of two magnitudes 
of the fame kind, which arifes from confidering the quan- 
tity of each. 

4. When four magnitudes are compared together, the 
£rft and third are called the antecedents, and the fecond 
and fourth the confequents. 

5. Four magnitudes are faid to be proportional, whea 
any equimultiples whatever of the antecedents, are, each- 
of them, either equal to, greater, or lefs, than any equi- 
multiples whatever of their confequents. 

6. Inverfe ratio is, when the confequents are made the 
antecedents, and the antecedents the confequents. 

7. Alternate ratio is, when antecedent is compared 
with antecedent, and confequent with confequent. 

8. Compounded ratio is, when each antecedent and its 
confequent, taken as one quantity, is compared, either 
with the confequents, or the antecedents. 

9. Divided ratio is, when the difference of each ante- 
cedent and its confequent, is compared, either with the 
confequents, or the antecedents. ' 

I PROP 
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i^ R O P. I. tHEOREM. 

If any number of magnitudes be equimul- 
tiples of as many others, each of each ; what- 
fever multiple any one of them is of its part, 
the fame multiple will all the farmer be of 
all the latter. • 



£H 



A & B C X J> 

Let any number of magnitudes Ab, cd be equimuiti- 
jples of as many others E, F, each of each; then what- 
ever multiple AB is of fi, the fame multiple will AB and 
CD together, be of e and f together* 

For fince ab is the fame tnultiple of e that CD is of F 
{iy Hyp.}y as many magnitudes as there are in ab equal to 
E, fo many will there be in CD equal to f. 

Divide AB into magnitudes equal to e (L 35.), which 
let be AG, GB ; and CD into magnitudes equal to f, which 
letbecH, HD. 

Then the number of magnitude^ CH, hd, in the one^ 
will be equal to the pumber of magnitudes AG, gb, in 
the other. 

And becaufe ag is equal to Ej and ch to f {iy Conft.)^ 
AG and CH, taken together^ will be equal to £ and f 
taken together. 

For the fame reafon, becaufe GB is equal to E, and hd 
to F, GB and hd taken together, will be equal to £ and F 
taken together* 

K4 As 
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As many magnitudes, therefore, as there are in ab 
equal to e, fo many are there in ab and CD together, 
equal to E and f toge.her. 

And, confequently, whatever multiple ab is of e, the 
fame multiple will AB and cd together be of e and f to- 
gether. Q.E.D. 

PROP. II. Theorem. 

If any number of magnitudes be multiples 
of the fame magnitude, and as many others 
be the fame multiples of another magnitude, 
each of each, the fum of all the former will 
be the fame multiple of the one, as the fum 
of all the latter is of the other. 






G 

D' • iM 
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■ Let any number of magnitudes ab, be, be multiples of 
the fame magnitude c, and as many others dg, gh, the 
fame multiples of another F. each of each ; then will the 
whole ae, be the fame multiple of c, as the whole Dii, is 
of F. 

For fince ab is the fame multiple of c that dg is of F 
[by Hyp.), there will be as many magnitudes in ab equal 
to c, as there are in dg equal to f. 

And becaufe be is the fame multiple of c that gh is of 

F [iy Hyp*), there will be as many magnitudes in be equal 

to c, as there are in gh equal to f.. 

As 
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A» many magnitudes, therefore, as there are in the 
wliole AE equal to c, fo many will there be in the whole 
DH equal to f. 

• The whole ae, therefore, is the fame multiple of c, at 
the whole DH is of F. Q.E.D. 



PROP. III. Theorem. 

If the firft of four magnitudes be the fame 
multiple of the fecond as the third is of the 
fourth ; and if of the firft and third there be 
taken equimultiples, thefe will alfo be equi- 
multiples, the one of the fecond, and the 
other of the fourth. 



K ^ 

-t- 
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Let A the firft, be the fame multiple of b the fecond, 
as c the third, is of D the fourth ; and let ef and gh be 
equimultiples of A and c ; then will ef be the fame mul- 
tiple of B, that GH is of D. 

For fince ef is the fame multiple of a that gh is of c 
{iy Hyp'), there will be as many magnitudes in ef equal 
to A, as there are in gh equal to c. 

Divide EF into the magnitudes ek, kf each equal to 
A (I. 55.J; and GH into the magnitudes GL, LH,,each 
equal to c. 

Then 
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Then will the number of magnitudes ek,- KF In t'he 
one, be equal to the number of magnitudes GL^ lh in the 
other. 

. And becaufe A is the fanle multiple of b thait c is of i]^ 
{hy Hypi)^ and ek is equal to A, and OL to c [by Cortfl»)4 
EK will be the fame multiple of b, that gl is of Di 

In like manner, fince kf is equal to A, and LH to' Cf 
• KF will be the fame multiple of b, that lh is of D. 

And fince ek, kf are each mukiples of b, and gLj Lrf 
are each the fame multiples of d, the whole ef will be thci 
fame multiple of b, as the whole oh is of d (V. 2.) 



PROP. IV. Theoiiem. 

If the firft of three magnitudes be greater 
than the fecond, and the third be any mag- 
nitude whatever, fome equimultiples of the 
firft and fecond may be taken, and fome 
multiple of the third fuch, that the former 
Ihall be greater than that of the third, but 
the latter not greater. 



^L Gl 
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Let AB, BC be two unequal magnitudes, and D any- 
other magnitude whatever ; then there may be taken fome 
equimultiples of ab, bc^ and fome multiple of d fuch^ 

I that 
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that the multiple of ab fliall be greater than that of d, but 
the multiple of bc not greater. 

For of BC, GA take any equimultiples gf, fe fucb, 
that they may be each greater than D ; and of D take the 
multiples k and, l fuch, that l may be that which is jBrft 
greater than gf, and k that which ig next lefs than l. 

Then, becaufe L is that multiple of d which is the firft 
that becomes greater than gf, the next preceding multiple 
K will not be greater than GF ; that is gf will not be left 
than K, 

And, fmce fe is the fame multiple of ac that gf is of 
BC [by Conft.)\ GF will alfo be the fame multiple of bc that 
eg is of ab (V. 1.) 

The magnitudes EG and gf are, therefore, equimulti- 
ples of the magnitudes ab and bc, and l is a multiple o£ 

And, Cnce gf is not lefs than K, and ef is greater 
than D [by Conji.), the whole eg will be greater than K 
and D taken together. 

But K and d, taken together, are equal to L [by Coijft.)^ 
therefore eg will be greater than L» and FG not greater 
than L, as was to be ihewn* 



PROP. 
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P R O P. V. Theorem. 

If four magnitudes be proportional, any 
equimultiples whatever of the antecedents 
will be proportional to any equimultiples 
whatever of the confequents. 



Fh 






Qi ^gj ,s H« 5J hT 

Let A be to B as c is to D, and of a and c take any 
equimultiples ek, fl ; and of b and D any equimultiples 
GM, HN ; then will ek be to gm, as fl is to hn. 
■ For of EK and fl take any equimultiples whatever ep, 
FR;'and of GM and hn any equimultiples whatever 
CS, HT: 

Then, fince bk is the fame multiple of A, that fl is 
of c {iy Conji.)^ and of ek, f l have been taken the equi- 
multiples EP, FR, EP will be the fame multiple of a, that 
FR is of c (V. 3.) 

And, in the fame manner, it may be fliewn, that GS is 
the fame multiple of b, that ht is of d. 

But A has the fame ratio to b that c has to d [by Hyp.) ; 
and of A and c have been taken the equimultiples ep, fr ; 
and of B and D the equimultiples GS, ht. 

If, therefore, ep be greater than GS, fr will alfo be 
greater than ht; and if equal, equal; and if lefs, lefs 
{V.Def.B.) 

And, 
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And, fince ep, jfr are any equimultiples whatever of 
EK, FL ; and GS, HT are any equimultiples whatever of 
GM, HN ; EK will have the fame ratio to GM, that fl has 
to HN (V. Def. 5.) Q.E.D. 



PROP. VI. Theorem. 

If four magnitudes be proportional, and 
the firft be greater than the fecond, the third 
will alfo be greater than the fourth ; and if 
equal, e(][ual ; and if lefs, lefs. 



El ■ t ©h 



-Ai 1 Ch 



T i i Kk 



Let A have to b the fame ratio that c has to D ; then if 
A be greater than b, c will alfo be greater than D ; and 
if equal, equal ; and if lefs, lefs. 

For, of A and c take any equimultiples E and G, and 
of B and o the fame equimultiples f and H. 

Then, becaufe a is to b, as c is to d (^6y Hyp.) if E 
be greater than f, g will alfo be greater than h ; and if 
equal, equal ; and if lefs, lefs (V. Def, S.) . 

And, (ince e, f, g, ,h are the fame multiples of A, B, 
c, D, each of each, thefe laft magnitudes will alfo obferve 
the fame agreement of equality, excefs, or defeft with 
their equimultiples. 

If, therefore, a be greater than b, c will alfo be greater 
than D ; and if equal, equal ; and if lefs, lefs. Q.E.D. 

PROP. 
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PROP, VIL Theokem, 

If four magnitudes be proportional, they 
will be proportional alfo when taken in- 
verfely. 



Ai I Ch 
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If A has to B the fame ratio that c has to D ; then, in-^ 
verfely, b will •have to a the fame ratio th^t d has to c. 

For, of B and d trice any equimultiples whatever e and 
F ; and of A and c any equimultiples whatever g and h : 

Then, fmce a is to b as c is to D (by ffyp-), and G, H 
are equimultiples of a, c, and e, f of b, d [by Conji.)^ if 
G be greater than E, H will be greater than f ; and if equal, 
equal ; and if lefs, lefe (V. Def.5.) 

And, becaufe g ha^s with,E the fame agreement of 
equality, excefs, or defeft, that h has with F, E will have 
with g the fame agreement of equality, excefs, or defeft, 
that F has with H. 

If, therefore, £ be greater than o, f will alfo be greater 
than H ; and if equal, equal ; and if lefs, lefs. 

But E and F are any equimultiples whatever of b and o 
(ty Conft.) ; and g and H are any equimultiples whatever of 
A and c ; therefore, b is to A as d is to c (V. Def. 5.) 

Q.E.D, 



PROP- 
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PROP, VIII. Theorem. 

If the firft of four magnitudes be the fame 
jfnultiple or part of the fecond as the third is 
pf the fourth ; the firft will have the fame 
ratio to the fecond as the third has to the 
fourth/ 

El i €l ' "4 

Ai 1 C| 1 

Fi 1 H. : — I 

Let A the firft, be the fame multiple of b the fecond, 
Ithat c the third is of D the fourth ; then will a have to B 
^e fame ratio that c has to D . 

For of A and c take any equimultiples whatever E and 
p ; and of B and D any equimultiples whatever F^and h : 

Then, becaufe a is the fame multiple of b that c is of 
D {by Hyp,), and E is the fame multiple of a that G is of 
C {by Coriji.), E will alfo be the fame multiple of b that o 
jis of D (V. 3.) 

And, fince e is the fame multiple of B that G is of D» 
^d F is the fame multiple of b that h is of d {by Conji.)^ 
if E be greater than f, g will be greater than h ; and if 
equal, equal ; and if lefs, lefs. 

But E and G are any equimultiples whatever of a and 
p ; and f and h are any equimultiples whatever of b and 
D ; therefore, a will have to B the lame ratio that c ha« 
tOD (V. i)/.5.} 

^ ' Again, 
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Again, let the firft B, be the fame part of the fecond a, 
as the third d, is of the fourth c ; then will B have to a 
the fame ratio that d has ta c. 

For A is the fame multiple of b that c is of d {iy Hyp,) ; 
therefore A will have to b the fame ratio that c has to d 
(V.8.) 

And, fince a is to b as c is to d, therefore, alfo, 
inverfely, b is to A as D is to c (V. 7.) Q. E.D. 



P R*0 P. IX. Theorem. 

Equal magnitudes have the fame ratio to 
the fame magnitude, and the fame has the 
iame ratio to equal magnitudes. 



iB £(. 



-iA Bi- 
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Let A and b be equal magnitudes, and c any other 
magnitude whatever ; then a will have to c the fame 
ratio that b has to c. 

For of A and B take any equimultiples whatever d and 
E ; and of' c any multiple whatever f : 

Then, becaufe d is the fame multiple of A, that E is 
of B, and A is equal to b, d will alfo be equal to e. 

And, fince d and e are equal to each other, if d be 
greater than f, e will alfo be greater than r ; and if 
equal, equal ; and if lefs, lefs. 

But 
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fiut t> and E arfc any equimultiples whatever of a and b, 
and t is any multiple whatever of c ; therefore A is to e 
as B.is to c (V. i)^i5.) 

Again^ let a and b be equal magnitudes, and c any 
other magnitude whatever; then c has to a the fs^mte 
ratio that it has to b. 

For, having made the fame conftruftion as before^ D 
may, in like manner, be fliewn to be equal to £ : 

Andj fince d is equal to E, .if f bf greater than d, it 
will alfo be greater than e ; or if equal, equal ; or if 
lefs, lefs. 

But F is any multiple whatever of c, and d and e are 
any equimultiples whatever of a and b ; therefore, c is 
, to A as c is to B (V. Def. 5.) 

Q. E. D. 



P ft d P; X. Theorem; 

Magnitudes which have the fame ratio to 
the fame magnitude are equal to each other ; 
and thofe to which the fame magnitude has 
the fame ratio are eqiial to each other. 



-^ H I S^ 

_ ■ F 



Let A have to c the fame ratid that b has to c ; then 
will A be equal to B; 

For, if they be not equal, one of tl^em mull be greater 
than the others 

L ^ Let 
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Let A be the greater ; and of A and b take the equN 
multiples D and E, and of c the multiple f fuch, that D 
may be greater than f, and e not greater than f (V. 4.) 

Then, fince a ii to c as b is to c, and d and £ are 
equimultiples of A and b, and f is a multiple of c, D be^ 
ing greater than f, e will alfo be greater than f (V« 

But, by conflruftion, £ is not greater than f ; whence 
it is greater and i^^t greater at the fame time, which is 
abfurd., 

The magnitude A is, tlierefore, not greater than B ; 
and in the fame manner it may be (hewn that it is not 
k& ; confcquently they are equal to each other. 

Again, let c have to A the fame ratio that it has to b ; 
then will A be equal to a. 

For, fince c is to A as c is to b, therefore, alfo, in- 
verfely, a will be to c as b is to c (V. 7.) 

But magnitudes which have the fame ratio to the fame 
magnitude have been {hewn to be equal to each other^ 
therefore a is equal to b. Q. £. D. 



PR O P. 
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PROP. XL THEOREii. 

Katios \^hich are thie fame to the fame 
ratio, are tlve fame to each other* 



— • Hi 1 Xh 
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Let A betct b as c is to d, and c to i> as £ is to f ; 
then will A be to B as £ is ta F. 

For, of A, c and £ take any equimultiples whatever 
G, H and jc ; and of B, D and F any equimultiples what- 
ever L, M and N : 

Then, fince A is to B as c is to D (by Hyp.)^ ani G 
and H are equimultiples of a and c, and l and m of b and 
D» if G be greater than L, u will be greater than M ; and 
if equal, equal ; and if lefs, lefs (V. Def. 5.) 

And, becaufe c is to d as £ is to f (/^ Hyp.)^ and it 
and K are equimultiples of c and £» and m and K of d and 
r ; if H be greater than M, K will be greater than N ; 
ind if equal, equal ; and if lefs, lefs (V. Def. 5.) 
" But if G be greater than L, it has been fliewn that h 
will alfo be greater than m ; and if equal, equal ; and if 
lefs, lefs ; whence, if G be greater than l, r will alfo be 
greaifer than n ; and if equal, equal ; and if lefs, lefs* 

And fince g and k are any equimultiples whatever of 
a and £, and l and K are any equimultiples whatever of 
B and F, A will have to b the lame ratio that £ has to^ F 
[V.Def.5.) Q.E,D. 

L« PROP. 



149 ELEMEjN^^TS Q9 GEOMI^TRT. 



PROP. XII. Theorem. 

If any mimber of magnitudes be propor- 
tional, either of the antecedents will be to it$ 
confequent, as the fund of all the antecedents 
is to the fum of all the confequents. 

gi H Hi ■ i K i t n 

Ai 1 C»-r^4 £i 

Jl»~>-i 3>i 1 

JL, 1 Ml I Jfk 



. Let A be to B as c Ls to d, and as £ Is to F ; then will 
A be to B, as a, c aiid £ together, are to B» D and F to- 
gether. 

For, of A, c and £ take any equimultiples whatever 
c,H and K ; and of 3, D and r any equimultiples what- 
ever L, M aiid N : 

Then, fmce a is to b, as c is to D {hy Hyp.)^ and c, 
H aic equimultiples of A, c, and L, M of B, D, if G be 
greater than l, h will be greater than M, and if equals 
equal ; and if lefs, lefs (V. Def. 5.) 

And becaufe a is alfo to B as £ is to F {by Hyp.)^ and 
C, K are equimultiples of a, e, and l, N of B, F, if G be 
greater than l, k will be greater than N ; and if equal, 
equal; and if lefs, lefs (V. Def, V.) 

From hence it follows, that if g be greater than L, G, 
H and K together, will be greater than L, }A and N tp- 
gether ; and if equal, equal ; and if lefs^ lefs, 

... I But 
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But c, and c, h, K together, are any equimultiples 
whatever of a, and a, c, e together (by Conft,) ; and l, 
and L, M, N together, are any equimultiples whatever of 
B, and B, D, F together ; whence, as A is to b, fo is a, c 
aind E together, to b, d and r together (V. Dff, 5.) 

Q. E. D. 



PROP. XIII. Theorem. 

Equimultiples of any tvro magnitudes' 
have the fame ratio as the magnitudes them- • 
felves, 

Ai 1 
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Let CD be the fame multiple of a that ef isof b ; then 
will CD have the fame ratio to ef that a has to b. 

For, fince CD is the fame multiple of a that ef is of b : 
there are as many magnitudes in CD equal to a, as there 
are in ef equal to B. 

Let CD be divided into the magnitudes cg, gh, hd, 
each equal to a (1.25.); and |;f into the magnitudes 
£K, KL, ;.f, each equal to b. 

Then,' the number of magnitudes cg, gh, hd in the 
one, will be equal to the number of magnitudes ek, kl, 
1^ f in the other. 

And, becaufe dh» hg, gc are all equal to each other, 
as are alfo fl, lk, ke, dh will be to fl as hg to lk, 
and as gc to KE (V. 9.) 

L S And, 
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And^ fihce any antecedent » to its confeqaent; at all 
the slntecedenti ar^ to all the confeqiients (V. 1^.)» fl 
will be to bHy ds te is to DC. 

But DH is equal to a (i^ Cort/l.), and f L is equal to B ; 
therefore B will be to A» as fi to dc ; aad, inverfely, 00 
to F£ as A to B. Q. £. D. 

PROP. XIV. Theorem. 

If four magnitudes of the fame kind be 
proportional, and the firft be greater than 
the third, the fecond Avill alfo be greater 
than the fourth ; and if equals equal ; and 
if lefs, lefs. 



Ki — — < Gv- 
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Let A be to B as c is to D ; then if a be greater than 
C, B will alfo be greater than D ; and if equal, equal ; 
and if lefs, lefs. 

Firft, let a be greater than c ; then b will be greater 
than D. 

For, of A, c take the equimultiples E, G, and of B the 
multiple r fuch, that e may be greater than f, but G not^ 
greater (V. 4.) ; and make h the fame multiple of D that 
F is of B. 

Then, becaufe a is to b as c is to d {fy Hyp.)^ and 
E, G are equimultiples of a, c, and F, H of b, D {by 
Con/l,)yE being greater than F, O will alfo be greater 
than H (V. 5.) 

And» 
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And, fince, by conftradicm, t ii not kft than o> and 
hag been proved to be greater than B, F "will likewife b« 
greater than H. 

But F and h are equimultiples of b and D (byCmtft.)^ 
therefore, fince f is greater than H, B will alfo be greater 
than p. 

Secondly, let a be equa} to c : then will b be equal 

D. 

For, A is to B as c is to D (3y Hyp,) ; or, fince A ia 
equal to c, A is to b as a is to D ; therefore b is equal 
to D (V. 10.) 

Tliirdly, let A be lefs than c ; then will b be left 
than p. 

for, c is to D as A is to B, by the propofition ; there* 

fore c being greater than A, d will alfo be greater than Bt 
by the firft cafe. . Q. £. D, 



PROP. XV. Theorem. 

If four magnitudes of the fame kind be 
proportional, they will be pjoportiond alfo 
. when taken alternately. 
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Let A be to b as c is to D ; then, alfo, alternately, a 
will be to c as B is to d. 

For, of A and b take any equimultiples whatever £ and 
G ; and of c and Dany equimultiples whatever /^d h : 

L 4 Then, 
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^ Then, fince £ is the fame multiple of a that g is of b, 
and that magnitudes have the fame ratio as their equi- 
multiples (V. 13.), A is to B as E is to G. 

But A is to B as c is to D, by the propofition ; whence 
C is to D as £ is to G (V. 11,) 

In like manner, becaufe f is the fame multiple of c that- 
H i$ of D, c will be to D as F is to H (V, IS.) 

But c has been fhewn to be to d as e is to G ; confe-. 
quently, E will bp to G as f is to h (V. 11.) 

Since, therefore, £ hais the fame ratio to g that f has to 
H, if £ be greater than f, g will alfo be greater thap m 
and if equal, equal ; and if lefs,.lefs (V. Def, 5.) 

But E and G are any equimultiples whatever of A anct 
B ; and F and h arc any equimultiples whatever of c anc| 
p ; therefore A is to c a$ b is to D (V. Def. 5.) 



PROP, XVI. Theorem. 

- If four magnitudes be proportional, tho 
fum of the firft and fecond, will be to the 
firft or fecond, as the fum* of the third ancj 
fourth, is to the third or fourth. 

*B Ai V' — ■ ^B 

C» f -'D 

Let ▲£ be to £B ai cf is to fd ; then will ab be to be, 
sr A£> & cp is tp OF, Of CF. 

For, 
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For, fince ae is to eb as cf is to fb {iy Hyp.) ; there* 
fore, alternately, ae will beto cr as eb to fd (V. 15.) 

And, (ince the antecedent is to its confequent as all 
the antecedents are to all the confequents (V. 12.), ae 
will be to CF as ab is to CD. 

But ratios which are the fame to the fame ratio are the 
fame to each other (V.. 11.) ; whence ab will be to CD 
a« eb is to FD ; and, alternately, ab to eb as cd to DF 
(V. 15.) 

Ag2un, fihce ae has been ihewn to be to cf as ab is 
to CD, therefore, by alternation, AE will be to ab as CF 
is to CD (V. 15.) 

But qiiantitieft which are dire31y proportional are alfo 
proportional when taken inverfely ; whence ab will be 
io ae ^ CD is to CF (V. 7.) 

Q. £. D* 



ii 
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PROP. XVII. Theorem* 

« 

If four magnitudes be proportional, the 
difference of the firft and fecond, will be 
to the*firft or fecond, as the difference of 
the third ajid fourth, is to the third or 
fourth, 
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C- f D 

L' Vi N ^ 

Let A B be to be as cd is to df ; then will AE be to 
AB» or £B, as CF is to cd, or fd. 

For, 
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For, of Ai» KBf CFi Ft) take any equtmukiples what- 
ever gh, HK, LXt MN ; and of eb, td a&y other equU 
jfiultiplei whatever kp, nr : 

TheQ» becaufe gh if the fame muUipIe of AS that h& 
is of £B {by Conft.)^ GH will be the fame multiple of ae 
that GK is of AB (V. 1.) 

But GH is the fame multiple of ae that lm is of CP (^ 
Ccnft.) ; therefore gk is the fame multiple of ab Aat lm 
isofcF. 

"" In like manner, becaafe lm is the &me multiple of cf 
thait MN is of FD {byConJi.) lm will be the fame midtiple 
of CF that LN is of CD (V. l.J 

< But Lii has been (hewn to he the fame.muhipk of CF 
diat GK is of AB ; therefore gk is the ixBut mukipk of 
AB that LN is of CD. 

. A^n, becaufe hk, kp are the fame multiples of £B, 
that MN, NR are of fd {by Conjt.)^ HP will be the fame 
multiple of eb, that MR is of fd (V. 2.) 

And, fmce ab is to be as cb to fXF {by Hyp.) ^ and 
GK, LN are equimultiples of ab, cd, and hp, MR of 
6&, D^, if GK be greater tlian kp, hS will be greater 
than MR ; and if e^uaU equal; and if leis, lefs (V« 
Def.S.) 

From the two former of thefe take away the common 
part hK, and from the two lattei; the common part mn ; 
then if GH be greater than kp, lm will be greater than 
NR, and if equal, equal ; and if lefs, lefs. 

But GH, LM are any equimultiples whatever of ae, cf 
{by Conji.)^ and KP, NR are any equimultiples whatever 
of ER, FD ; whence ae is to cf as eb to fd {V,Def.5.) ; 
and, ahemately, ae to eb as cf to fd; 

And, 
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Amitfiace ab itthefuiHof ae, BB, andcDof cf, fD, 
AB will be to AE or eb, as CD is to gf or FD (V, 16.) ^ 
atidt inverfely,^ ^£ or £b to ab, as cf or f d to CD. 

Q-E.D. 

Scholium.' When the confequents are greater than 
the totecedents, the lainc demonfimtioa will hold, if i!he 
terms be taken inverfely. 

PROP. XVIH. Theorem. 

If four magnitudes of the fame kind be 
proportional^ the greateft and lead of them, 
taken together^ will be greater than the other 
two. 

A» — ^ — .-hB 
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Let AB, CD, £, F be the four proportional magnitudes, 
of which AB is the greateil and F the leaft i then will AB 
and F together, be greater than CD and £ together. 

For in ab take AG equal to £, and in CD take CH equal 
to F (I. 3.) 

Then, becaufe AB is to CD as £ to l [by Hyp,)^ and 
AG is equal to £ and CH to F {by Conft.)^ AB will be to 

CD as AG to CH. 

But magnitudes which are proportional, are alfo pro- 
portional when taken alternately {V. 15.) ; therefore ab 
will be to AG as Cd to ch. • 

And, iince bg is the difference of ab and AG, and dh 
of CD arid CH, BG will be to ab as dh to CD (V. 17.) ; 
^d, inverfely, ab to bg as CD to dh. 

5 \^\^ 
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But AB is greater than CD (by Hyp.) ; whence GB is 
alfo greater than hd fV. 14-^ 

And, becaufe AG is equal to e, and CH to r, AC and 
r together, arc equal to ch and e together. 

To the firft of thefe equals add gb, and to the fecoxid 
Hi>, then will ag, gb and r together, be greater than 
CH, HD and E together. 

But AG, GB are equal to ab, and ch, hd to cd ; con- 
fcquently ab and F together are greater than CD and e 
together. Q. E. D. 

■ Scholium. That f muft be the leaft of the four mag- 
nitudes when. a is the greatefl, appears from propofitioiH 
VI. and XIII, 
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DEFINITIONS. ■ 

' ■ « 

, -i^ *l I . . ■ • - . . . ^ , ... « 

1 . Similar reftilineal figures, are thofe which are equi- 
angular, and have the fides about the equal angles pro- 
portional. 

2. The homologous, or like fides, of fimilar figures, 
are thofe which are oppofite to equal angles. 

S. Two figures are faid to have their fides reciprocally 
propor(ion2|l, when the firll confequent, ^and fecond ante- 
cedent, of the four; term^i are both fides of the fame 
figure,.: ,. . - .*. ■ • 

, 4.^ Of tlur^e proportional quantities, the middle one is 
laid to be a mpan proportional between the other two ; and 
the laft. a ihird jh'oportional to the firft and fecond. 

5. Of foiur proportional quantities the laft is iaid to 
ht. a:fpufth. proportional to the other three, taken iu 
order.. : ^ 

6. Xf any number .of magnitudes be continually propor- 
tio^I, thet. ratio of the firft and third is faid to be duplicate 
that of the firft and fecond ; and the ratio of the firft and 
fourth, triplicate that of the firft and fecond. • . 

7. Apd of any number of mj^nitudes, of the fame kind, 
taken in order, the ratio of the firft to the laft, is faid to be 
compounded of the ratio of the firft to the fecond, of the 
fecond to the third, and fo on, to the laft. 

8. A right line is faid to be divided in extreme and 
^ean ratio, when the whole line is to the. greater feg- 
mcnt, as the greater fegment is to the lefs. ,. , ^ .. 

PROP. 



S5i KtEUENTS 6t OE0tf£tRT< 



PROP. I. 

Trianglesi and paraUelograms, having the 
&me altitude, are to each other as their bafes. 




Let the triangles ABC, acd, and ^e parallelograail 
sc» CF have the fame akkude, or be between the fame 
parallels bd, £F ; then m^III the bafe BC be to the bafe 
CD, as thetriaiigle abc is to the trian^e ACi>, or at the 
parallelogram £€ is to the parallelogram CF. 

For, in BD produced, take any niuDber of pafti whiiC* 
«ver BG, GH, each equal to BC ; and Die, KL, any num- 
ber whatever, each equal to CD ; and join AG, AH, AH 
and AL : 

Then, becaufe cb, bg, gh are all •equal to each other, 
the triangles ahg, agb, abc will alfo be equal to each 
other (11. 5.) ; and whatever multiple the bafe hC is of 
the bafe bc, the fame multiple will the triangle ahC be 
.of the triangle abc. 

. And, for the fame reafon, whatever multiple the bafe 
VC is of the bafe cd^ the fame multiple will the triangle 
ALC be of the triangle adc. 

If therefore, the bafe hc be equal to the bafe CL, the 
triangle AHC will be equal to the triangle alc ; and if 
greater, gr^ato* ; and if lefs, lefs. 

But 
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But the foafe HC, and the triangle ahc, are any equi- 
multiples whatever of the bafe bc, and the triangle abc; 
Bhd the bafe CL and the triangle alc are any equimulti- 
ples whatever of the baft CD and the triangle ado; 
whence the bafe bc it to the bafe CD, as the trian;^ 
ABC is to die triangle acd {V. Def. 5.) 

Ajgain, foecaufe the parallelogram C£ is double the tri^ 
angle abc (L 52.), and the parallelogram CF is double 
the trianf^e adc, the triangle abc will be to the triangle 
ADC as die parallelogram C£ is to the parallelogram c» 
(V, IS.) 

. But, it has been (hewn, that the bafe bc is to the bafe 
CD, as the triangle abc is to die triangle adc ; therefoi« 
the bafe BC is alfo to the bafe cd, as the parallelogram C£ 
is to the parafldogram CF. - • Q. E. D. 

C ORO L L* Triangles and parallelograms, having equal 
altitudes, are to each other as their bafes. 



PROP. II. 



Triangles and paraUelograms, having equal 
bafes, are to each other as their altitudes* 




A H 
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Let ABC, DEF be two triangles, having the equal bafes 
AB, D£» and whofe altitudes are CH, fi ; then will the 

triangle 
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triangle abc have the fame ratio to the triangle D£|'» a^ 
CH has to Fi. 

For make bp perpendicular to Ad, and equal to CH 
{L 1 1 and 3.) ; and in BP take BQ equal to Fi, and join 
AP, AQ andcp. 

Then, becaufe bp is equal to CH, and the bafe ab is 
common, the triangle abp will be equal to the triangle 
ABC (II. 5.) . . ' 

And, becaufe ab is equal to be, and Bd to Fi; the 
triangle abci will alfo be equal to ^the triangle j>£F 
(II. 5.) 

But the triangle abp is to the triangle abq as bp i^ ta- 
BQ(VI. 1.); therefore the triangle ABC is alfo to the 
triangle def as bp is to bq, or as ch to fi (V. 9.) 

And, (ince parallelograms, having the fame bafes and 
altitudes, are the double of tbefe triangles, they will, like* 
wife, have to each other the fame ratio as their altitudes. 

Q.E.D. 

Cor. 1. If the bafes of equal triangles are equal, the 
altitudes will alfo be-^qual ; and if the altitudes are equal, 
the bafes will be equal. 

Cor. S. From this, and the former propofition, it alfo' 
appears, that re3angles, which have one fide in each equal, 
are proportional to their other fides. 
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X 

If a right line be drawn parallel to dtie ojf 
llie fides of a triangley it inriU eat fcbe lather 
fides propoitionally ! and if the fidbs be ctit 
J)roportjonally, the line will be pai^el A 
ihe remaining iide of the triangle^ 




Let Atic be a itiangte^ and D£ t)e dhtWni^lrsliid, tb ihe 
fide BC i then will ad be to db, asiAE i^ to £C« 

For joih the {joints b, £, add c, p : 

iThen^ becaufe the triangles Hbz; dcz are upon iht 
fiime bafe d t, and between the fiime paralkb D£» BC, tbey 
ivill bd equal to each other (I. Sli) 

Andy fin6e equal magnitudes hav^ the fame ratio to tbe 
fame magnitude (V. 9.), the triangle db£ will be to the 
triangle D ae, as the trialngle bc£ is to the triangle dae. 

But triangles of the fame altitude are to each other a» 
their b^fes (VI. 1.) } whence thcJ triangle 1>be will be to 
the trisingie DAE sis db is to*DA* 

For the fame reafon, the triangle dce will be to the 
triangle dae, at £C is to ea« 

M And, 
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And, fincc ratios which arc the fame to the feme ratio, 
arc the fame to each other (V. 11.) db will be to da as 
«C is to £A ; or, inverfcly, ad to db as ae to EC. 

Again, let the fides ab, AC be fcut proportionally, in 
the points D a»nd E ; then will the line Dfc be parallel 

,t0BC. 

For, the fame conftru£Hon being made as*beFore, the 
triangle z>^b will be to the triangle de a» as db u to 9A 
;(VI. 1.}; and the triangle edc to the triangle oea ^ 
Ifjc to EA (VI. 1.) 

[ And, lince db is to DA as EC is to £ A (iy Conft.)^ the 
triangle deb will be to the triangle dea as the triangle 
edc is to the triangle dea (V. 11.), 

But magnitudes which have the fame ratio to the fame 
magnitude are equal to each other (V. 10.) ; whence the 
triangle deb is equal to#he triangle edc. 

And fince thefe triangles arie equal to each other, and 
are upon the fame bafe de, they will have equal altitudes 
.(VI. 2. Qor.)^ or ftand between the fame parallels; 
whence D£ is parallel to bc. 

Q.E.D. 

CoROLL. In the fame manner it may be Ihewn, that 
the fides of the triangle are proportional to any two of the 
part^ into which they are divided ; and that the l^e jpartt 
of each are alfo proportional. 
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JfSithe verticle-^ogle of-i a^ triangle^ :W 
bife6ted« the fegments of the bafe will feive? 
the lame ratio with the other , two udes : 
and if,;tbQ fcg^epts have. the/^ fame; ratio 
#ith the otbwotwa..ikle&itheE;aQ^e wiiU be 

- "t c) .; f • ; xl* ./ .., i\;' f ^^^»?..#<i .- .».\ 

:> ,[/): ,.'fi. t .! '"-? 4j^^ Vf "*^ '-'•• .. J ... :-x::Jl 
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]>t the angle b AC of the trangle abc f be bife^ed 
by; tlie rjght lineAj); then |^iU BP^he^to^jDC as ;B 

is to AC. 

For thrQUgh the point c draw C£ parallel to da (I. ^7.)| 
and let b a be produced to meet C£ in £ : 

Then, becaufe the right Une AC cuts the two parallel 
right lines ad, £C, the angle AC£ will be equal to the 
alternate angle CAD (I. 24.) 

But the angle CAQ is equal to the angle bad. by the 
propofition ; therefore the angle bad is alfo equal to the 
angle AC £• 

And, in like manner, becaufe the right line B£ cuts the 
two parallel right lines ad, ec, the outward angle bad 
will be equal to the inward oppofite angU A£e (1. 25.) 

.'lo;: i M^ But 
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But the angle ace has been ihewn to be equal to the 
ingle BAD ; whence the angle ace is alfo equal to the 
angle aeC ; Itnd the fide ae to the fide AC (L 5.) 

And, fince-B^JEfC^ii fl^ triangle^ and^ AD is^dlawn parallel 
10 the fide £C, bo will be to DC as ba is to ae (VL S.) ; 
«^ibeDwft' AC is equak^tai^ BD.vifiLie to oiiJar tk is 

Again, let ,b d bf td dc ^ ba is to AC ; then vf ill tl)c 
nigle bac be bit^S^J by the fine ad. ' '"' * *' 

^%6t^ l<rt the* fanrt^coiiftfttftidfrhe inad^ as- before t '-^ 
:^Tbftn.fixttCLBib i&knc^vi^A^kio iji^(if l^)i:mi 

BD to DC as BA to AS (VL 3.}, therefore, alfoj^^B^wi^ 
be to AC as ba is to ae« 

And fince magnitdfl^ which have the fame ratio to the 
lame magnitude are ^uaH|^ each other (V* 10.) « AC 
will be equal to AS,|an^'tbe a^ijgle aec to the angle 
ace (1. 5.) . . _ - -^ 

But the angle aec is equal to the outward 'oppofite 
Bjl^fe B ad fl. US.) ; mn! the* angfe ACii it equal- t<rtlie 
aUernafte ar^Ife CA-D-fK M.) : whence the ahgie BADwiM*' 
alfo be equal to the angle cad. 
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PROP. V. TH«oaBi<, , 

The fides about ihe equal angles of efuU 
angular tritnglet atfe profXnrtional ; and if 
the ^de8 about each of their angles be pro^ 
portional, the triangles will be equiangular* 
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X<et ABC, l>tp be two equiangular triaiigint of Vliisii 
BAC, xbr are cotterponditig langki i tbm will die lute 
AB be %o the fide AC, ai the fide d% is it0 nhft ibl^ Dt.* . * 

For make AG equal to de, and ah to PP (I. S.) ; and 



♦ • 



join GH : 

Then, fince ttiett^ fides AO, Aff of^htf^tlkngle aho, 
^^e equal to the two fid^ i>£, dt of the triangle irrt, 
and the angle A to the angle-o, the aUgle agh will ^Ifo 
be equal to the angle D£F (I. 4.) ' 

But the angle def it equal to the aA^le abC {iy Hjf.) i 
confequently the angle AGH will alfe be equal 19 Hm 
angle ABC, and gh will be parallel to bc (I* ^3.) 

And, fince the line gh is parallel to the line BC, the 
fide AB will be to the fide AC* as the fide ag is to tht 
fide AH (VI, 3.) 

But AG is equal to 0E, and All 16 DT^ whence ths 
lUe AiET wiU be ta the fide ac, as ihe fi^ Dl is to fjif 
fide Of « 

M< Again, 
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Again, let ab be to AC, as de is to df ; and AB to BC, 
as D£ -to £F ;' then will the triangle ABC be equiangular 
with the triangle b^r. ." ' 

. For, let the fame cpnftruftiotn be nia4e as before;. , 
^ *ith6n, fined* AB is to AC as Ab J* to aVl (by Hyp.), the 
£tie^c»{wnVbep^kltoaheIiife 9c (Vli^.); and the 
triangle A&H tvi|i beeq^i^gularwith the tri^gle ABC*. 

'^ixd fince the fides about the equal angles of e^ui* 
angular triangles are proportioilial (VI. 5.), the fide ab^ 
ivill be to the fide bc, as the fid^AG is to the fide CH* 

But the fide /fh is to the fid^ bC» 'as the fide D£ if to 
the fide ef {iy -^4 ; therefore, alfo, the fide AG will he 
to the fide GH^'as the fide de js to the fide li fV. 1 1.) 

And, fince the fide AG, is equal to the fid^ de (iyCofjfi.) 
thefide'CH-W^llalfo be equal to the fide ni (Vv )0.), atid 
qonfequently dbetriangle dbf will be equiangular with: 
the triangle a0H.(I« .7«} or ABCi as wa$to lie i(hewii. 






J- » PRp.R yi. . Theorem. * 

' * tf tvi^o triangles have one angle of the one • 
equal to one angle of the other, and the fides.' 
ahoat the equal angles proportional, the tri^ 
angles will be equiangular. 





^Let, ABCy^D^V be two triangles, having the ai^le A 
equal to the angle d» and the fide ab to the fide AC, as 

*?"••'•.- -t - the 
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^ fhe fide de is to the fide tit ; then will the triangle AiftC 
be eqniangiilar with the triangle D£F» 

For, make AG equal to dJE, and ah to df; an4 
jbiti CH : 

' Then, fince the (ides AG, ah are^eqiud to thi fid^ 
D£, i>F» and the angle a to the angle X> {byHjp.), the fidt 
C'H will alfo be equal to the fide £F» and the tnangle agh 
to the triangle DBF (1.4.) t 

And, fince ab is to AC as ag is to ah {iy Hyp.\ thi| 
line GH will be parallel to the line BC (VI. S.) ; and con* 
fequently the angle aoh is equal to the angle ABC, and) 
the angle ahg to the angle acb (I. £5.) .r 

The Irialigle ABC iia, therefore, equiangular with the 
triangle agh, and confisquently it will alio be equiangUl^ 
withthetriangleiyiF* « .Q. £«0>i 
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» * 

Ii\ a right angkd ti;^angle9f^^^ perpendicun 
lar from the rigltt angle, is a mean propor- 
tional between the fegments of the hypo- 
tenufe ; and each of the iides is a mean 
proportional between the adjacent fegment 
and the hypotenufe. 




Let ABC be a right amgled triangle, and CD a perpen- 
dicular from the right angle to the hypotenufe ; then will 
. . T M 4 . CD 
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<tD be, a^ to/tm propoiticxial between ad and x>f ; AC % 
niean proportional between AU and ao } and bC betweei^ 
4b and BD. : 

For, fince the angle bdc is equal to the angle ACS 
^•6.)^ and tibeanglo b is ^oininon^ the triangles 99C^ 
ABC will be equiangular (I. £9^ Cor*) 

* And, in dif £nne maiiner, it niay be (h^ni tiiat tbf( 
jangles ADC, ABC are equiangular ^ vrhofioe the |rianglj| 
^fsfC is alfi3 Equiangular with tbp tria|ng|e pBC, 

- 3ut tbc fides of equispgular triang)ei| are pr^>p9ftiQna| 
(Vi^ 5^):^. ther^oiA the fide ^p at tef ih^ fide f}9t aa the 
|ide CD is to the fidfe dB« 

* |h lik^ SMinner, fince. the tiianglM j^oc. BM «rfi e|cli 
0f them eqaiiiigiilar \fidi the tpadfte ABi^, ab wiU b^ 

$|8^ AC •■►.Ap i» tp AD { apd i^jp tqiBiC ai BP i^(9 »?t 

Q.E.P, 
^ORpf l; |f At^B be a fipBHeVcIe^ and CD b perpendir 
9 ular.let fall from any point c ; then will ad ^ d^=:^I)C^. 
i^^)SA]jl;^4C% and ABXBX>«s:BC"4 



PROP. 



999* irH» -Brrwr* » - - .t 109- 



•■:■■ *. 



PROP. VIIL tPaomL£f«, 

To find a third praportioii&l ta imo gfi«ii 

iPightHncst 






^ C 




Aj l^baiiMFdC given right Kncti it is tecfuiidl to 
^nd a third proportional to them. 

Draw the two indefinite right linef cr, CG,, making 
^y angle G| and take CD equal to a, and C£, df eadi, 
equal B (I. 5,) » 

Alfo join the points D, £, and irndK yg parallel to 
ph (1.^70 « and re wiH W'the-tiurd pvoportional re- 

For, fince cfg is a triangle;* aisd Mi ia^ndlel to yjn. 
(fy Qi90*) c» wi)l be to or as cft. ii lo eg (VI. 5.) 
Bill jDF is equal to cft, by conftmfiiooi. thcrefiore CM^ 

|S to C£ as C£ IS to EG. 

And« liiice c& is equal to a« and C£ ftcf B ^^ Coj^^X 
A wi}l be to 9 aft B isio £G% 

ScHOLWi^. A third propoMsbna} k> two g^ven righl 
lines, may alfo be found hy means of the laft propo. 
fition. 

For let AO, DC be two given right lines, one of which 
DC is perpendicular to the other* 

Then 



JW«* 



IW EtEM-MTr* Of OEdifBTKY. 

Then if cb be drawn at right angles to AC, and ad be 
produced till it meets the former in b, db will be a third 
proportional. to ao and«DC is was required. 

Again, let bd, dc be the two given right lines, placed 
at^ghtati^gks to each other^ 'as before : ' 

Then, if CA be drawn, at right angles to bc, and bd be 
produced till it meets the former in A, da will be a third 
proportional to bd and DC. 

PROP. rx. Problem. 

YrTo find a: fourth proportional to thr5e 
given right lines. ^ 

"" V - ^r ■'■* • • - ■ 
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Let A, b, c be three given right lines ; it is required to 
find i fbarth proportion^ to them. 

Draw the two iiidefinke right lines DG» DH, making^) 
ai^r angle D ; and take d£ equal to a, dp to b, and £g 
toe (I. 3.) 

• Join the points e, r,and make GHparallel to ef (I.«7*); 
and FH will be the fourth proportional required* 

. For, -fihce dgh is a triangle, and ef is parallel to GH 
{ifC»!/l.) zi£ will be to df as eg is to fh.(VI. S.) 

^£ut Dt is equal to a^ m to b, and eg to c {by Conft.) ; 
therefore a will be to b as c is to fh (V. 9.) 

, Q.E.D. 

t •♦ PROP.' 
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' To'£iid a lii^ead. propor^naj between two 
giv€ii light ikies. 







t 
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Let A, B be two given right lines ; it is required to * 
jEnd a mean proportional betv^een t^m. 

Draw the indefinite right lin^ cg» in which take CE 
equaTto a', and £D equal to b (I'. S.) 

Upon CD defcribe the femi-circle CFD, and.frpm the 
point £ ered the perpendicL{lar £F (I. li«) ; and it'^^iU 
b^ the mean proportional required. 

For join the points CF, fd : 

Th^n, becaufe dfc is a femi-circle, the angle, cfd is 9. 
right angle (III. 16.)» and confequently the triangle cjpf 
is rectangular. 1 

And fin'ce a perpendicular from the right ailglie is a 
mean proportional between the fegments of the ' hypote^ 
nufe (VI. 7.), EP will be a mean proportional to CE, 

ED. 

But CE is equal to a, and ed. to b {hy Conft.) ; there* 
fore £F will b<^ a mean proportional to a and b, as was 
to be (hewn • 

ScHOLiifJ^,*lf CD, de be the two given lines, Df 
will be a mean proportional to them. "^ 

And if CD, CE be the given lines, cf will be a mean 
proportional to them (VI. 7.) 

< - i PROP. 
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. Ta jdmde a ^eq . i^ht Ime &arfo ttiro 
parts which ihall have the iacw litii ^wtb 
twa given right; .Uofis* 
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Let CD Be a given ^gl^ line, and A, B two other g^ven^ 
right lines ; it is requir^^d to divide cp into, two pa^ 
which fiiall be to each other in the ratio of a to b. 

Dra\i^ the indefinite right line CG. making any angle' 
with CD ; and make CF equal to A» and Fg to b (1. 3,) 

J.oin the. points gd ; and make F£ parallel to gd (1.^7^); 
mi it will divide CD in the point £ as was required. 

yor, fince cdg is a triangle, and fe is parallel to GD 
(hy Conft.)^ CE will he to ed as cf is to fg (VI. $.) 

But CF is equal to a, and fg to b (^j^ CBtjfi^) ; thdre* 
fore C£ win be to ed as a is to b (V. 9.) 

Qi£.D« 

Scholium. In nearly the fame manner may a third» 
fourth, or any other part be cut off from a given line cp. 

For if CG be made the fame multiple of cf that CD is 
of the part, and gd, fe be drawn as above» C£ will be 
the part required. 



PROP. 
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I P K O P. XU. TUXOABM. 

If four ri^t'l|jaes/b^ proportional, the 
feS;«^gl^ of the oxtrQmes. ^iU be equal to 
the re6iangle of the means j and if the re6> 
tingle of the extremes be equal to the reft- 
angle of the means, the four lines will be 

« 

proportional* 




Let AB be to cb as £ ift to f ; then will the reSatigle 
6f^ Air and p, be equal to the re6^angle of CD and £* 

For make bh perpendicular to ab, and equal -to ^ 
(I. id. S.), and D6 perpendicular to CD, and equal to £ ; 
and in dg take dk equal to bh (L 3.) and draw kl 
parallel to cd (L 27,) 

Then, fince parallelograms of equal altitudes, are to 
each other as their bafes (VI* 1.) the parallelogram AH 
will be to the parallelogram ck, as ab is to CD* 

And fince ab is to cd as £ is to F {ty Hyp.), or as DC 
is to DK [hy Conji.), the parallelogram AH will alfo be to 
the parallelogram CK as dg is to dk (V. 1 1.) 

But paiallelograms of the fame bafe, are to each other 
as their altitudes (VI. ^.) ; whence the parallelogram CG 
will alfo be to the parallelogram ck as dg is to dk. 
^ And 
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And becaufe rw.ti</S which tre the fame to the f^me 
ratio are the fame to each other (V. 1 1.), the parallelo* 
gram AH will be to t»e pai^lelogram Ck, as the paralielo« 
gram <;g is to the parallelogram ex. • . . * . 

^ "But magnitudes which faavb tb); fame ratio' to the fame 
tnagnitudd are equal to cftach other (V* 10.) ; whence Htk 
*iic£Ungle* AH is equal to the re£kangle CG. ^ , . 
^ Again» ^et AH, the .re£^angle of the extremes* be equal 
to CG, the reflangle of the means ; then will ab be. to cx> 
as' E is to F • 

For, let the fame conftruftion be made as before :i/ 

Then, (ince re£langles .of equal altitudes are to each 
other as their bafes (VI. 2.}, the re£langle ah will be to 
the re£langle CK. as ab is to CD. 

And, becaufe the re£langle ah is equal to the redangle 
CC {fy Hyp.), CO will alfo be to CK as AB is to CD (V. 9.) 

But CG is to CK as DG is to dk or bh (VL 2.J, confe*^ 
quently ab will be to CD as dg is to bh* (V. IL) ^^ 

And {ince dg is equal to £, and BU to F« ab will be 
toCJD as£ is f (V.9.) 

Q.E.O4 
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PROP. XIII. Theorem. 

If three right lines be proportional, ' th* 
reftengle of the extremes will be equal to 
the fquare of the mean : and if the redangle 
of the extremes be equal to the fquare - of 
the lAjgan, the three lines will be propor- 
tional. 





E.^ 
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Liet A B l)e to CD as CD is to &^; then will the reflangle 
of AB and E be equal to the fquare of CD. 

For make bk perpendicular to ab (I. 10.) and oqual 
to £ (1. 3.) and upon CD defcribe the fquari.CQ (IL l.% 
and make f equal to CD. 

Then^ fince CD is equal to F» and ab is to CD as CD it 
to E {by Hyp.) ^ ab will alfo be to CD as f is to E (V. 9.) 
^ And, fince thefe four lines are proportional, the reS- 
angle of ab and E will be equal to the reSangle of CD 
and f(VI. 1£.) 

But the reflaiigle of CD and r is equal to the fquare of 
CD, becaufe CD is equal to F ; therefore, alfo, the reft- 
angle of ab and e will be equal to the fquare of CD. 

Again, if the re3angle of ab and £ be equal to the 
fquare of CD ; AB will be to CD as CD is to £. 

For let the fame confiruflioa be made as before : 
. : 5 ^ Then, 
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Then, fince the re£langle oF ab ahd £ is equal to tlitt 
fquare of CD {iy Hyp*)^ and the fquare of CD is equal td 
the l-e6bmg1e of CD and f (II^ Si)> ^^ re3angle of ab 
9n4 £ will alfo be eqiial to the reftangle of CD and #« 

But if the re£buigle of the extremes be equal to that of 
the means, the four Knes are proportional (VL 1^.} ; 
vboiGe AB is to CD ai T is to b« 

And fince CD is equal to F| bjr conftruftion« Ail wtU 
be to CD as CO in to £. 

'Q* E. Di 
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Equal parallelograms aqd triangles havd 
their fides about equal angles reciprocally 
proportional; and if tbe fides about equal 
angles are reciprocally proportional^ the pa« 
fallelograms and triangles will be equaL 




Let AB, AC be two equal parallddgram^ ^nA 0fa 
AEO two equal triangles, htviag the angle daf equal to 
the angl^ oae ; then will the fide da be to the fide ab» 
as the fide AG is to the fide af. 

For let the fides da* as be placed in the fasMf righi 
line, and compkie the psndlelognnB aa« 

• Then, 
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Thftn, becaufe the angles daf, fae are equal to tw0 
tight angles (1. 15.)* and the angle fae is equal to the 
angle dag (L IS.)* the angles daf, dag are alfo equal 
to two right angles ; and confequently fag is a right line* 

And fince the parallelogram ab is equal to the parallel* 
ogram AC {iy Hyp,); and AK is another pafallelogratti^ 
ab is to AK as AC is to ak (V* 9.) 

But AK is to AC as da to A£ (VI. h), and ak to 
AC as AG to Af ; whence da is to as as AG is to 

AF (V. 11.) 

And, if FE be joined^ it maybe fliewn, in like man* 
ner, that the triangle daf is to the triangle AFe as the 
triangle gab is to the tiiingle afe; and da to A£ as 

.AGtOAF. 

Again, let the angle daf be equal to the angle GAS, 
and the fide ba to the fide ae as the fide ag is to the fide 
AF ; then will the parallelogram a 6 be equal to the paral- 
lelogram AC, and the triangle DFA to the triangle gaew 

For fince da is to ae as ag to af [by Hyp*)^ and d A 

to ae as AB to AK (VL 1.), AG will be to AF BS.Afi to 

ak(V. !1.) 

But AG is to AF as AC to AK (VL 1.); whence^AB 
is to AK as AC to AK (V. 11.); and confequently 
the parallelogram ab is equal to the parallelogram AC 
(V. 10.) 

And fince triangles are the halves of parallelograms^ 
which hjave the lame bafe and altitude^ the triangle df a 
. will be equal to the triangle G ae. 

Q. E. D. 
C o R o L L. The fides of equal refiangles are reciprocally 
, proportional ; and if the fides are reciprocally propor- 
tionaly the refiangles will be equal. 

N PROP. 
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PROP. XV. Problem. 

» 

Upon a given right line to deicribe a rec* 
Itilineal figure, fimilar, and fimilarly fituated, 
to a given rectilineal figure. 





Let AB be thc'giv^n right line, and CDEf c the giTCte 
re£liiineal figure ; it is required to defcribe a refiiiineal 
figure upon ab, which fiiall be fimilar, and fimilarly fitu- 
ated to x:defg. 

Join DC, DF; and at the points A, B, make the angles 
BAL, ABL equal to the angles DCO, CDC (I. 20^) 

In like manner, at the points b, l, make the angles 
BLR, LBK e<)ual to the angles dgf, gbf : and BKH, 
KBH equal to dfe, fde. 

Then, becaufe two angles in one triangle are equal to 
'two angles m another, each to each, the remaining anglci 
in each of the correfponding triangles, will alfo be equal 
(I. 58. Cor.) 

And fincethe angles alb, BLR, are equal to the an« 
flescGD, d(^f, and l^b, bkh to gfd, df£, the angle 
alk \yill be equal to the angle CGF, and theangle LKH 
to the an^Ie gfe. 

And, in the fame manner, it may be fhewn that the an* 
gles KHB, ABA andBAL are equal to the angles FED, 
SDC and dcg. • - 

The 



/ 



BOOK TH£ StXtS< .179 
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The figures abHkL and cdefg are, therefore, equi* 
Angular: and they haVe their fides about the equal anglejf, 
dfo, proportion*^. 

For, fince the triangles alb, ccd 'are -equiangular, 
AL will be to LB as C6 to CD (Vh 5,} i or al to CG as 
LB to CD (V, 15,) 

And, in like manner, lk will be to LB as CF to GD 
(VI. 5.); or LK to OF as lb to od (V. 15.) 

But ratios which are the fame to the fame ratio ard 
the fame to each other (V. 11*) ; whende AL will be to 
CG as LK to GF ; or AL to L5. as CG to OF (V. 15.) 

And, in the fame manner, it may be fliewry, that tl» 
fides about the angles K, H, B, A, tu-e proportidttal totShfe 
fides about the angles f, £, D, c. 

The figure abhkl is, therefore, fimilar, and fimilarly 
fituated with the figure cdefg (VL Def. 1.); and it it 
defcribed upon the right line ab^ as was to be done^ ' 

• 

PROP. XVL Theorbm* 

Equiangular^ or fimilar triangles, are tp 
each other as the fquares of their homologous 
fides« 





Let ABC| DEF be two fimilar triangles, of which the 
fides AB, D]^ are homologous ; then will the triangle abc 

N 2 be 
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be to the triangle def as the fquare of ab is to the fquar^ 
of DE. 

For, on ab, de defcribe the fquares al, dn (IL 1.)» 
and let fall the perpendiculars CG, fh (I. 12.) 

Then, fince the triangles abc, def are fimilar (iy 
Hyp.)^ AC will be to ab as df to de (VI. Def^ 1 j) ; or 
AC to bf as AB to be (V. \6.) 

And, becaufe the triangles AGC, dhf are equiangular, 
AC will be to cc as df to fh (VL 5.) ; or ac to df as 
CG to FH (V, 15.) 

But ratios which are the fame to the fame ratio, are the 
fame to each other (V. 1 1.) ; therefore CG is to fh as ab 
to DE ; or CG to ab as fh to de (V. 15.) 

And fince triangles which have the fame bafe, are to 
each other as their altitudes (VI. 2.), the triangle ABC 
is to the triangle akb as CG is to ak, or ab. 

In the fame manner it may be fliewn, that the triangle 
D£F is to the triangle dme as fh is to dm, or de. 

But CG has been (hewn to be to ab as FH is to de ; 
therefore the triangle abc is to the triangle akb as the 
triangle def is to the triangle dme (V. 11.) 

And fince the fquare al is double the triangle AKB 
(I. S2.), and the fquare DN is double the triangle dme, 
the triangle abc will be to the triangle def as the fquare 
A L is to the fquare DN (V. U and 15.) 

Q.E.D. 



PROP. 
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PROP. XVII. Theorem. 

* 

Similar polygons are to each other as the 
fquares of their homologous fides. 





Let ABCDK, FGHiK be (imilar polygons, of which AB, • 
FG are homologous fides ; then will the polygon ABCD£ 
be to the polygon fghik as the fquare of AB is to the 
fquareof fg. 

For join the points be, bd, gk and Gi : 

Then, fince the angle A is equal to the angle F, and AB 
is to AE as FG is to FK (VL Def, 1.), the triangles eab^ 
KFG will be equiangular, or fimilar (VI. 6.) 

And if, from the equal angles A ED, FKi, there be' 
taken the equal angles aeb, FKG, the remaining angles 
BED, OKI will alfo be equal to each other. 

But ED is to Ki as EA is to kf (VI. Bef. 1. andY. 
15.), and ea is to kf as eb tg KG (VL S. and V. 15.) ; 
whence ed will be to ki as eb is to kq (V* 1 1») 

Since, therefore, the angles bed^ OKI are equal to 
rach other, and the fides about them are proportional, the 
triangles ^ed, gki will, alfo, be equiangular, or fimilap 
(VI. 6.) 

And, in the fame manner. It may be ihewn, that the 
triangles BCD, CHl arc equiangular, or fimilar. 

N S But 
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AE, AF ; whence ab is to AC as the reQangle of AD, at 
is to the reftangle of AG, ae (V. 1 1 and 15.) 

Again, let D FA, AEG be two 'triangles, having the 
angle daf equal to the angle ga£> then will ]>fa be to 
A EG as the re3angte of DA, A F is to the re£lang]e 
C{ GA, 'AE-1 ■.■■■• 

, Fpr let the fiden pA, . A^ be placed in the fame right 
line; and complete the parallelograms ab, AC, AK* 

Then, as before, ab is to AC as the reftangle of DA, 
AF is to the re£langle of AG, ae. 

But the triangles df At A£G are half the parallelograms 
ab, AC (I. 50,} ; whenpc Df A is to AEG as the re£langle 
of DA, A F is to the re4^angl^ of ga, aic. 

Q.E.D. 

Scholium. If the line ef be driwn, the latter pkrt 
of this propofition may be proved f^pm the triangles, in« 
dependently of the former^ 

P R O Pt XIX, Theorem,' i 

The refl^j^ngles under the correfppnding 
lines pf two rank3 of proportionals, •4re th^m* 
felves proportionals. 

« * 

s 




ij — \f 



lar 



s 



Lei AB be to gb as p.£ is to fe, and gh to gk as lm 
tpjLV; th^n will th^.re^angle pf ab» i^H be to thatof 

CB, 
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CB, GK as the redangle of D£, lm is to that of fb« 

For draw BQ, es at right angles to ab, de (I. Il.)f 
and make bp equal to gh, bq to gk, er to lm^ and* 
£S to LN (I. S.) : and complete the parallelograms AP, 
CGi^ DR and FS« 

Then fince parallelograms, of the fame altitude, are to 
each other as their bafes (VI. I.}, ap will be to cp at 
AB to CB ; and DR to fr as de to fe. 

But AB is to CB as de to fe {iy Hyp.) ; whence AP 
will be to cp as dr to fr (V. 11.}, or ap to dr as CP 

to FR (V. 15.) 

And fmce parallelograms of the fame bafe are to each 
other as their altitudes (VI. ^.), CP will be to CQ as Bp 
to BQ; and fr to FS as er to £S. 

Or, becaufe bp, bq are equal to gh, gk, and er, £S 
to lm, ln {by Conft.)^ cp will be to CQ as gh to gk; and 

FR to FS as LM to LN (V. 9.) 

But GH is to GK as LM to LN {by Hyp.), therefore cp 
will be to ca as fr is to FS (V. 11.), or cp to fr as cq 
to FS (V. 15.) 

And it has been before (hewn that ap is to DR as cp 
to FR ; whence ap is to dr as CQ to f's (V. 1 1.), or ap 
to CQ as DR to FS (V. 15.) 

But A p is the.re£langle of AB, gh; cq of CB, GK ; 
DRof DE, LM ; and fs of fe, ln {byCcn/i.); therefore 
the re£langle of AB, GH is to that of CB, GK as the rc£l-> 
angle of DE, lm is to that of f£, LN. 

CoROLL. Thefquaresof four proportional lines are 
ihemfelyes proportionals. 

PROP. 
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PROP. XX. Theorem. 

The tides' and diagonals of four propor* 
fipnal fquares> are themfelves proportionals 





V- 



Let AC, EF, HL and qn be four proportional fqaares; 
then will their fides and diagonals be alfo propiorticmals. 

For, make s a fourth jiiroportional to ab» db and HK 
(VI. 9.) ; and draw the diagonals bd and km. 

Then, jince ab is to eb as hk is to s {iy ConftJ)^ ac 
will be to £F as HL is to the fquare of s (VI. 19. Cor.) 

And becaufe AC is to ef as hl is to qn {by Hyp,)^ 
HL will be to the fquare of s as HL is to <dtN» or the fquare 
ofaK(V. 11.) 

But magnitudes which have the fame ratio to the fame 
magnitude are equal to each other (V. 10.}; whence the 
fquare of s is equal to the fquare of qr. 

And fince equal: fquares hare equal fides (II. S\ S ii 
equal to qk ; and confequently ab is to eb as HK to 
qk. . 

Again, becaufe the triangles abd, ebg are equiangu- 
lar, AB will be to eb as bd to bc (VI. 5.) 

And becaufe the triangles hkm, qkf are alfo equi«^ 
angular, hk will be to qk, as km to kp (VI. 5.) 

But AB has been fhewn to be to eb as hk is to ctK ; 
tonfequently bd is to BG as KM is to kp (V. 11.) 

Q. E. D. 
PROP. 
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PROP. XXI; Probwm. 

To cut a given ri^tline in esttremeaad 
mean proportion. 




Let AB be the given right line ; it is required to cut it 
in extreme and mean proportion. 

Upon AB defcribethe fquare AC (II. 1.), and bifcft 
the Cde ad in £ (I. 10.) and join be. 

In EA produced, take ee equal to eb (I. 3.) j aod 
upon AF defcribe the fquare fh (II. 1.); then will A^ 
be divided at the point H as was required. 

For (ince df is the fum of sb» ed, or ^b, ea, and 
AF is their difference, the re3angle of df, fa i& equal 
to the diflFerence of the fquares of eb, ea (II. IS.) 

But the re£tangle of df, fa is equal to dg, becaufe 
PA is equal to fg ; and the difference of the fquares of 
EB, E A is equal to the fquare of ab (II. 14. Cor.) ; whence 
DG is equal to AC. 

And if from each of thefe equals, the part ak, which 
is common, be taken away, the remainder AG will be equal 
to the rexiainder hc. 

But equal parallelograms have the fides about equal 
angles reciprocally proportional (VI. 15.) ; whence HK 

is to HG aft HA to HB. 

And fince HK, is equal to ad, or AB» and hg to ha, 
AB will be to UA as ha is to. KB* Q- £• t). 



• -^ A 
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PROP. XXII. Problem. 

To divide a given right line into two fuch 
parts, that their rectangle may be equal to a 
given fquare, the fide of which is not greater 
than half the given line. 




Let AB be the given line, and c the fide of the givem 
f(f}uare; it is required to divide A b into two fuch parts 
that their reftangle may be equal to the fquare of c. 

Upon AB defcribe the femicircle bda, and make bf 
perpendicular to ab (I. U.}, and equal to c. (I. S.) 

Through t draw Fn parallel to ab (L ^7.) ; and from 
the point d where it cuts the circle, let fall th^ perpendi- 
cular D£ (I. 1^.}; and ab yrill be divided at £ as wa^ 
required. 

For fince bda is a femicircle {fy Conft.)^ and DE is 
perpendicular to the diameter ab [by Cmjl.)^ the reft, 
angle of a?, eb will be equal to the fquare of ED (VL 7. 
Cor.) 

But ED is equal to fb (I. SO.) or c ; whence \he rcft- 
angle of as, ^h will be equal to the fquare bf c as waA 
to be flicwn. 

ScHOtlUM. When bf, or C, is equal to half ab, fd 
will be a tangent to the circle, and the reftangle of A£y 
EB will be the greateft poflible. 

PROP. 
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PROP. XXIII. Problem. 

To a given right line to add another right 
line fuch, that the reftangle of the whole 
and the part added (hall be equal to a given 
fquare. 




Let AB be the given line, and c the fide of the given 
fqbare; it is required to add a line to ab fuch, that the 
ireflangle of the whole and the part added (hall be equal 
to the fquare of c. 

Make B£ perpendicular to AB (I. 11. )« and equal t9 
€ (I. 3,) ; alfo bife6l AB in G (I. 10.)i and join GE. 

Then, if AB be produced, and gd be taken equal to GE* 
(I. 3.), the part BD will be added to ab, as was required. 

For on ab defcribe the femicircle bfa, cutting GS in 
F, and join fd. 

Then, fince the t^o fides gb, ge of the triangle geb, 
are equal to the two fides or, gd, of the triangle gdf, 
and the angle g is common, the angle gbe will be equal 
to the angle gfd, and the fide fd to the fide be (1. 4.) 

But the angle gbe is a right angle {by Con/i,) ; whence 
the angle gfd is alfo a right angle ; and confequently fd 
is a tangent to the circle at f (III. 10.) 

And 
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And flnce df is a tangent to the circle, and da is drawn 
to the oppofite part of the circumference, the re3angle of 
AD, DB will b€ equal to the fquare of df (III. ^9.) 

But D F has been ihewn to be equal to b£ or c ; whence 
the reSas^ of aD| db will alfo be equal to t)i^ fquare 

Q.E.D. 

PROP. XXIV. Theorem. 

« 

Angles at the centres or circumferences of 
equal circles, have the fame ratio with the 
arcs on which t^ey Hand* 



m 





Let ABC| DBF be two equal circles, in whidh bgc« 
IHF are angles at the centre, and bac, £DF angles at the 
circumference; then will the arc bc be to the arc £f as 
the angle bgc k to the angle ehf« or as the smgle bag 
to the angle edf. 

For on the circumference of the circle abc take any 
number of arcs whatever Ck, kl (pich equal to BC; and 
on the circumference of the circle def any number of 
arcs whatever fm, mn, each equal to £F ; and join GK, 
€L, hm, hn. 

Then, becaufe the arcs BC^ CK, kl are all equal to 
each other, the angles bgc, cgk, kgl will alfo be equal 
to each other (III. «1.) 

8 And, 
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And, therefore, whatever multiple the arc b li is of the 
arc BC, the fame multiple will the angle bgl be of the 
angle sec. 

For the fame reafon, whatever ^lultiple the arc ek {g 
of the arc EF, the fame multiple will the angle £hk be of 
ihe angle ^HF« : 

If, therefpre, the arc bl be equal to the arc en, the 
angle bgl will be equal to the angle ehk ; vidif equai» 
equal ; and if lefs, lefs. 

But BL and BGL are any equimultiplei; whatever of BC 
and BGC, and en and eh n of ef and ehn ; whence-the 
arc BC is to the arc ef as the angle bgc is to the angle 
ehf(V.5.) 

And fince the angle bgc is double the angle b AC, and 
tbe angle ehf is double the angle edp (IIL 14.), the 
arc BC will alfp be to the arc ef as the angle bag is to 
the angle edf (V. l$.) Q. £. D. 

PROP. XXV. Theorem. 

The reftangle of the two fides of any tri- 
angle^ is equal to the reftangle of the Seg- 
ments of the bafe, made by a hne bifefibing 
the vertical angle, together with the fquare 
of that line. 




Let ABC be a triangle, having the angle AC B bifefled 
by the right line CD ; then will the re£langle of AC, cb 
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be equal to the reSangle of ad, ob, together with the 
fquare of CD. 

For, about the triangle A bc, defcribe the circle asc 
{IV* 5,), cutting CD, produced, in E ; and join bb. 

Then» becaufe the angle AC Das equal to the angle 
XCB {iy Hyp>)f and the angle cad to the angle ceb (III. 
15.), the remaining angle adc will be equal to the re- 
maining angle Cbe (I. 28« C^r.) 

ThetiianglescAD, ceb being, therefore, equiangulaft 
CA will be to CD as CE to CB (VI. 5.) ; and confequently 
Ac reftangle of ca, cb is equal to the reftangle of ce, 
CD (VI. \2.) 

But the reftangle of ce, cd is equal to the reftangle of 
ED, DC, together with the fquarc of CD (11. 10.) ; whence 
the reftangle of ca, cb is alfo equal to the reftangle 
of ED, DC, together with the fquare of CD. 

And fince the reftangle of ed, dc is equal to the reft- 
angle of ad, db (III. 27.), the reftangle of AC, cb is 
alfo equal to the reftangle of ad, DBy together with the 
fquare of CD. 

Q.E.D. 



PROP. 



BOOK I'HE sixTlr.: :• igs 

PROP- XXVI* . Theorem.. 

The re6langle of the. two fides of any tri- 
Angle, is equal to the redlaiigle of the per- 
pendicular, drawn frohi the vertical ?ingle to 
the bafe, and the diameter of the^^circum- 
fcribing circle. 




Let ABC be a triangle, having CD perpendicular to Ab ; 
then will the reftangle of ac, cb be equal to the reftangle 
of CD and the diameter of the circumfcribing circle. 

For, about the triangle abc, defcribe the qircle aec 
(IV. 5.) ; in which draw the diameter CE ; and join eb. 

Then, fince the angle cad is equal to the angle ceb 
(III. 15.) and the angle adc to the angle ebc, being 
each of them right angles {Conft. and III. 16.), the re- 
taining angle acd will be equal to the remaining angle 
KCB (I. 28. Cor.) 

The triangles acd, ecb are, therefore, equiangular; 
whence ac is to cd as ce is to CB (VI. 5.) ; and confe- 
quently the reftangle of AC, CB is equal to the reftangfe 
of CD, ce(VI. 12.) Q.E.D. 

Scholium. When abc is an obtufe angle, the per- 
pendiculai' CD falls without the circle ; but the fame de- 
monltration will hold. 

O P R O R 
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PROP. XXVII- Theorem, 

The refltangle of the two distgonals of any 
quadrilateral, infcribed in a circle, is equal 
to the fum of the rectangles of its oppofitc 
fides. 




Let ABCD be any quadrilateral infcribed in a circle, of 
which the diagonals are AC, bd ; then will the re£langle 
of AC, BD be equal to the re6langles of ab, dc and 
AD, bc. 

For make the angle cde equal to the angle adb (1.20.); 
then, if to each of thefe angles, there be added the common 
angle edb, the angle ade will be equal to the angle cdb* 

The angle dae is alfo equal to the angle dbc, being 
angles in the fame fegment, whence the remaining angle 
aed is equal to the remaining angle BCD (I. 28. Cor,) ^ 
' Since, therefore, the triangles ade, bdc are equian* 
gular, ad is to A E as BD is to bc (VI. 5.) ; and confe- 
quently the reftangle of ad, bc is equal to the reftangle 
of AE, RD (VL 12.J 

Again, the angle cde being equal to the angle ADB 
{by Conft.), and the angle ecd to the angle abd (III. 15.), 
the remaining angle ced will be equal to the remaining 
angle bad (1. 528. Cor,) 

The 
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The triangles ced, adb are, therefore, alfo equiangu- 
lar ; whence AB is to bd as EC is to DC (VI. 5.) • and 
confequently the reftangle of AB, DC is equal to the reft- 
angle of EC, bd. (VI. 12.) 

And if, to thefe equals, there be added the former, the 
re&angle of ab, dc together yvith the rcftangle of ad, 
Bc win be equal to the re£):angle of EC, bd together with 
the reftangle of ae> bd4 

But the re£langles of ae, bd^ and EC, bd are equal to 
thereflangle of AC, bd (IL8.); whence the feSangle 
of AC, bd is alfo equal to the re£langles of Ab, dc and 
AD, bc« 

Q. £. O. 
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BOOK VII. 

DEFINITIONS. 

1. The common fe£lion of two planes, is the line in 
which they meet» or cut each other. 

1?. A right line is perpendicular to a plane, when it is 
jpexpendicular to eveiy right line which meets it in that 
plane. 

3. A plane is perpendicular to a plane, when every 
right line in the one, which is perpendicular to their com- 
mon fe3ion, is perpendicular to the others 

4. The inclination of a right line to a plane, is the 
angle it makes with another line, drawn from the point 
of feftion, to that point in the plane, which is cut by a 
perpendicular falling from any part of the former. 

5. The inclination of a plane to a plane, is the angle 
contained by two right lines, drawn from any point in 
the common feftion, at right angles to that feftion ; one 
in one plane, and the other in the other. 

6. Parallel planes, arc fuch as being produced ever fo 
far both ways will never meet. 

7. A plane is faid to be extended by, or to pafs through 
a right line, when every part of that line lies in the plane. 



PROP. 



BOOK THE SEV^lgtJJ. 



197 



PROP. I. Th^ojiem.. 

The comijion fe^ion of any two plane* is 
ft right line. 



Let AB, CD be two planes, whofe common fcflion it 
ii i then will ef bearight line. 

For tf not, let fge be a right line, drawn in the [^aM 
AB ; and FK£ another right line, drawn inthejdanecb. '' 

Then, (ince the linei fge, fke are in did<u«iit planes, 
they muft f^l wholly without each other. 

But the line fce, having the fame extremities with'thif 
Kne FKK, will coincide with it ; w^nce they coincide 
and fril wholly without each other, at the fame time, 
which is abfurd. 

The lines fge, eke cannot, therefore, be right lines ; 
and confequentiy the line ef, which lies in each of die 
planes, muft be a right line, as was to be fiiewn. 

Scholium. One part of a right line cannot be in a 

plane, and another part out of it. For ^nce the line c^ 

be produced in that plane, the part out of tl^e plane, and 

' the part produced would have diScrcnt difc61ioni, which 

is abfurd. 



pgiop. 
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PROP. II. Theorem. 

Any three right lines which mutually, in^ 
t€rfe6l each other, are all in the fame* plane. 




Let AB, BC, CA be three right lines, which intcrfefl 
99ch other in the points a, b, c ; then will thofe lines be 
in the fame plane. 

For let apy plane ad pafs through the points Aj b, and 
be turned round that line, as an axis, till it pafs through 
the point c. 

• Then, becaufethe points a, c 9re in the plfine ad, 
the whole line ao muil alfo be in it ; or oth^rwife its. parts 
would not lie in the fame direftion. 

And, becaufe the points b, c are alfo in this plane, 
the whole Un^ ^BC mull like wife be in it ; for thp famQ 
reafonl 

But the line AB is in the plan^ AD, by hyppthelis ; 
whence the three lilies AB, BC, CA are all in the fame 
plane, as was to be fliewn. 

Cor. Any two right lines which interfeft each other, 
are both in the lafme plane ; and through any three points 
a plane may be extended. 



PROP. 



4. 
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P R O P.. III. Theorem. 

If a right line be perpendicular to two 
other riglit lines, at their point of interfec- 
tioh, it will alfo be perpendicular to tta 
plane which paffes through thofe hnes. 




Let the right line ab be perpendicular to each of the 
two right lines bc, bd, at Iheir point of iiitcrfeftion B ; 
then will it alfo be perpendicular to the plane which paflei 
through thofe lines. 

For make bd equal to bc ; and, in the plane which 
paffes through thofe lines, draw any right line B£; and 
join the points CD, ad, AE and AC : 

Then becaufe the fide bc is equal to the fide BD (iy 
C<?«/?.), and the perpendicular ABiis common to each of 
the triangles abc, abd, the fide, ad will alfo be equal 
to the fide AC (1. 4.) ^ * 

And fince the triangles CAD, CBD are ifofcclcs, the 
re3angle of Ce, ed, together with the fquare of £B, is 
equal to the fquare of db ; ^d the re3angle of C£, £D 
together with the fquare of ea, is equal to the fquare 
of AD (IL20.) 

f fom each of thefe equals, take away the re£langle of 
CE, ED which ii common, an4 the difference of the 

: O 4 fquare* 



too £L]&M£NT« or bSOMieTtlY, 

{quares of eb, ea will be equal to the difierence of th6 
fquares of db, ad. 

But the ditftfence bf the Tquares of DB, Ab Is equal to 

the fquare of ab (IL 14 Cor»}; whence the difference of 

^the fquares pf £B, £A will' alfo be equal to die fquare of 

Als; 'awd tonfequfently ab ispc^eftdicularlb-BE, te^ai 

•t^J^eflifcwiw'---- ' - ■' ' ".' ■-. ' 

C o R o L L. If a right line be perpendicular to three otbef 
right lines, at their point of interfeflion, thofe lines will 
be all in the fame plane. 

For if either of them, at be, were above or below the 
plane which paffes through the other two, the angle 43 X 
would be lefs or greater than a right angle. 



PROP. IV. Theorem. 

If two ngiit lines he pei^endicular to the 
feme plane,, they will be parallel to each 
bther. . 



— t4"^ 



' Let the right lines ab, CD be each of them p^rpendi* 
eular to the plane fg, then will thofe lines be parallel to 
%ach other. 

For join the points p, B ; and, in the plane fg, make 
t>£ perpendicular to db, and equal to AB (L 1 1. 3»); and 
joi& the poinlf ae, ad. 

M Then, 
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Then, fince the right lines ab, CD are perpendicubur to 
the plane ro {iy Hyp.)^ the^ angles ABO, ABX, cdb and 
CDE will be right angles (VII. Def. 2.) 

And becaufe the fide Xb, is equal to the fide ED (ijr 

Confi^)^ the fid^ db common to each of the ta:iaoglet3AD« 

.BED, and the angles abd, bd£ right ^angles {by Hyp. and 

Conft.)^ ^hefide AD will alfoTje equal to the fide j&b (1. 4.) 

Again, fince the fides ad, D£ are equal to tht fides 
£B, BA, and the fide A £ is common to each of the tri- 
angles £B A, EDA, the angle ade will alfo be equal to the 
angle abe (I, 7.}, and is, therefor^, a right angle* 

And, becaufe the line bd is at right angles with each 
of the three lines da, db, DC, thofe lines, together with 
the line ab, wfll be all in the fame plane (VII. $, Cor.) 

Since, tbereforct the lines ab, bd, dc are all in the 
fame plane, and the angles abd, cdb are each of them a 
right angle, the line ab will be parallel to the line CD 
(I. .^3.), as was to be fliewn* 

Cor. Any two parallel right lines ab, CD, are in the 
fame plane ; and any right line da, w^ich interfe6ls tiiofe 
paralkky is in the iame plane witb them. 



PROP. 
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PROP. V. Theorem. 



/ 



If two right lines be parallel to each other> 
and one of them be perpendicular to a plane ; 
the other will alfo be perpendicular to that 
planCt 



^J A 

m 



Let AB, CD be two parallel right lines, one of which». 
AB, is perpepdicular to the plane fg ; then wiU the other 
CD be alfo perpendicular to that plane. 

For join the points d, b ; and, in the plane FG, make 
D£ perpendicular to db, and equal to 3 a (I. 11. 3.) ; and 
join A£, AD and eb : 

Then, becaufc ab is perpendicular to the plane fg (iy 
Hyp.) the angles abd, abe will be right angles (VII, 

And, fince the fide ab is equal to the fide ed {iy Hyp.), 
the fide db common to each of the triandes bad, bed, 
and the angles abd, bde right angles [byConfi.and Hyp.)^ 
the fide ad will be equal to the fide eb (1. 4.) 

Again, fince the fides ad, de are equal to the fides 
f B, BA, and the fide ae is common to each of the tri- 
angles EAD, EBD, the angle ade will be equal to the 
angle abe (I. 7.), and is, therefore, a right angle. 

And, becaufc, the right lines ab, cd are parallel to 
each other (hy Hyp.)^ and the line ad interfefts them, 
they will be allin the fame plane (VII. 4. Cor.) ; and the 

angle 
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angle abd being a right angle, the angle cdb will alfo be 
a right angle (I. ^5.) 

But fmce ED i<s at ri^ht angles to DB, DA, it is alfo at 
tigh'^^ angles to tl.e plane which pafTes through them (VIL 
5.) ; and confequently to DC (VII. Def.2.) 

The line pc is, therefore, perpendicular to each of the 
lines DE, DB ; whence it is alfo perpendicular to the plane 
EG (VII. 3.), as was to be fhewn, 

PROP. VI- Theorem, 

If two right lines be parallel to the fame 
right line, though not in the fame plane 
with it, they will be parallel to each other. 




Let the right lines ab, cd be each of thera parallel to 
the right line Er, though not in the fame plane with it; 
then will ab be parallel to CD. 

For take any point G in the line ef, and draw the 
right lines gh, gk, each perpendicular to ef (I. Ih), ia 
the planes af, ed of the propofed parallels : 

Then fmce the right line ef is perpendicular to the two 
right lines GH, gk, at their point of interfeftion G, it 
will alfo be perpendicular to the plane hgk which pafles 
through thofe lines (VIII. 3.) 

And becaufe the lines ab, ef are parallel to each other 
{hy Hyp-) 9 and one of them, ef, is perpendicular to the 
plane hgk, the other, ab, will alfo be perpendicular to 
that pl^ne (VII, 5.) 

And, 
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I 

And, in like manner, it may be proved that the line C0 
19 alfo perpendicular to the plane hgk» 

But when two right lines are perpendicular 16 the 
fame plane, they are parallel to each other (VII. 4.) 5 
whence the line AB is parallel to the line CD» as was to 
be Ihewn. 



PROP. VIL Theorem. 

If two right lines that meet each other, be 
parallel to two other right lines that meet 
each other, though not in the fame plane 
'mth them, the angles conteitied by thofe 
lines will be equal. ^ 




Let the two right lines ab, BC, which meet each other 
in the point b, be parallel to the two right lines de, ef 
which meet each other in the point E ; then will the angle 
ABC be equal to the angle def. 

For make ba, bc, ed, e r all equal to each other (L S.J, 
and join ad, cf, be, ac and df. 

Then, becaufe b a is equal and parallel to ed {iy Hyp.)^ 
AD will be equal and parallel to be (I. 59.) 

And, for the fame reafon, CF will alfo be equal and pa- 
rallel to be. 

But lines which are equal and parallel to the fame 
line, though not in the fame plane with it, are equal and 

parallel 
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parallel to each other (I, «6. and Vll. 6.) ; whence ad it 
equal and parallel to CF* 

And fince lines which join the correfponding extreme! 
y oF two equal and parallel lines are alfo equal and parallel 
(L ^9.), AC will be equal and parallel to df« 

The three fides of the triangle abc are, therefore, 
equal to the three fides of the triangle def, each to each ; 
whence the angle ABC is equal to the angle def (I. 7.), 
as was to be fhewn. 



P R OP, VIII. Problem. 

To draw a right line perpendicular to a 
given plane, from a given point in the plane. 




Let a be the given point, and bc the given plane ; it is 
required to draw a right line from the point a that fhall 
be perpendicular to the plane bc. 

Take any point e above the plane bc, and join ea; 
and through a draw af, in the plane bc, at right angles 
with EA (I. 11.); ^hen if E A be alfo at right angles with 
any other line which meets it in that plane; the thing 
required is done. 

But if not, in the plane bc, draw ag at right angles 
to AF (I. 11.) ; and in the plane EO, which p^fTea 
through the points a, A, q^ make ah perpei^dicular to 

AG 
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AG (I* 1 !.)• A^^ i^ ^ill ^^o be perpendicular to the plane 
BC, as was required. . 

For, fincc the right line fa is perpendicular to each of 
the right lines ae, ag {iy Conjl.), it will alfo be perpen- 
dicular to the plane £G which pafles through thofe lines 
(VIL 3.) 

And becaufe a right line which is perpendicular to a 
plane is perpendicular to every right line which meets it 
in that plane {Def. 2.), FA will be perpendicular to ah* 

But AG is alfo perpendicular to ah {iy Conji,) ; whence 
AH, being perpendicular to each of the right lines fa-, ag, 
it will alfo be perpendicular to the plane bc (VII. 3.}, as 
vras to be (hewn* 



PROP. IX. Problem* 

4 . 

To draw a right line perpendicular to a 
given plane^ from a given point above it. 




^ Let A be the given point, and bg the given plane ; it 
is required to draw a right line from the point a that 
fliall be perpendicular to the plane BG. 

Take any right line bc, in the plane BG, and draw ad 
perpendicular to bc (I. U.) ; then if it be alfo perpendi- 
cular to the plane BG, the thing required is done. 

But if not, draw de, in the plane bg, at right angles 
to BC (I. 11*), and make af perpendicular tQ de (I« 1^.); 

then 
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tbenwUl AF be perpendicular to the plane nc^ as was 
required. 

For, through the point F, draw the line hg parallel to 
the line BC (I. 27.) 

Then fince the right line BC is perpendicular to each of 
the right lines x>A, D£, it Will alfo be perpendicular to 
the plane which palTes through thofe lines (VIL 3,) 

And becaufe the lines bc, hg are parallel to each 
other, and one of them, bc, is perpendicular to the plane 
ADF, the other, HG| will alfo be perpendicular to that 
plane (VIL 5.) 

But if a line be perpendicular to a plane it will be per« 
pendicularto all the lines which meet it in that plane 
(VII. Def, fi») ; whence the line hg is perpendicular to 

AF. 

And fince the line af is perpendicular to each of the 
lines hg, £ D, at their point of interfe6lion f, it will alfo be 
perpendicular to the plane bg (VIL 2.}, as was to be 
ihewn. 



PROP. X. Theorem. 

Planes to which the fame right line is 
perpendicular, are parallel to each other. 




Let the right line ab be perpendicular to each of the 

planes CD, ef ; then will thofe planes be parallel io each 
other. 

For 
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' For if they be notf let them be produced till they mitel 
each other ; and in the line gh, which is their common 
le£lion, take any point k ; and join ka, kb : 

Then, becaufe the line ab is perpendicular to the plane 
EF {iy Hyp.)^ it will alfo be perpendicular to the Kne bk, 
which lies in that plane (VII, Def. 2.) ; and the angle 
ABK will be a right angle* 

And, for the fame reafon, the line ab, which is perpen- 
dicular to the plane DC [by Hyp.) J will be perpendicular to 
the line ak ; and the angle b ak will alfo be a rig^;t angle* 

The angles abk, bak are, therefore, equal to two 
right angles, which is abfurd (I. SS.) ; and confequentty 
flie planes can never meet, but muft be parallel to each 
other (VII. Def. 6-), as was to be fhewn. 



PROP. XL Theorem* 

If two right lines which meet each other, 
be parallel to two other right lines which 
meet each other, though not in the fame 
plane with them, the planes which pafs 
through thofe lines will be parallel. 




'A F 



Let the right lines ab, bc, which meet each other in 
B» be parallel to the right lines de, ef, which meet each 
•ther in |&, though not in the fame plane witli them ; then 
will the plane AB c be parallel to the plane d £ r . 

For 



, . BOOK THErSEVEKXJS; : : 209 

t'or through the point b draw bg perpendicular to the 
J)lane dfe (VII. 9,) ; and msJte gU parallel to de, and 
GK to EF (I; «7.) • • "-*• - ^- - 

Then becaufe bg is ai right angles with the plane pfe» 
ft will alfo fa^ at Hght ^aglks \vith each of-tbe Imei gh^ 
CK which nieel it in thatpUne {Dif. £«) .. ' ' ^ 

And (ince gh is parallel to D£ or ab {iy Ccn/l, and 
Vll. 6.), and bg interfe&s thcmi the angles bgh, gba 
are, together, equal to two^fi^ht angles (L 25.) 

But the angle bgh has been fhewn to be a right angle ; 
whence the angle gba is alfo a right angle ; and confe* 
quently gb is perpendicular tb ba. 

Andj in the fame manner, it may be fiiewn, that GB is 
perpendicular to BCi • * 

The right line gb, therefore, being perpendicular to 
each of the right lines b A^ bC, will alfo be perpendicular 
to the plane acb through which they pafs (VII. 3.) 

But planes to which the fame right line is perpendicular 
are parallel to each other (VII, 10.) ; whence the plane 
ACB is parallel to the plane df£< 






PROP. 



210 £L£ar£NT8 OF GXOHXTEY. 



P R O P« XIL Theqrsm^ 

If my two pg^rallel planes be cut bjr ano^ 
ther plane^ their common ife^ions will be 
paraUel. 



•» 




Let the two parallel planes ab, CD be tut by the plant 
^GHF ; then will their commoti fe£lions ef, gh be pa* 
railel to each other. 

For if EF, OH be not parallel, they may be pro- 
duced till they meet, cither on the fide fh, or the 
fide EG.' • 

Let them be produced on the fide fh, and meet each 
other in the point K, 

Then, fince the whole line EFK is in the plane AB, or 
the plane produced, the point K muft be in that plane., 

And becaufe the whole line ghk is in the plane CD, 
or the plane produced, the point K muft alfo be in that 
plane. 

Since, therefore, the point k is in each of the planes^ 
AB, CD, thofe planes, if produced, will meet in that 
p&int. 

But the two planes are parallel to each other, by hypo- 
thefis ; whence they meet, and are parallel, at the fame 
^me, which is abfurd. 

The 
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The lines EF, gh, therefore; dcfliot meet on tWe fide " 
FH ; and, in the fame manner, it may be proved, that 
they do not meet on the fide EG ; confequCntlj- they Sre 
parallel to each' other. ■ Q.E.Q'.' 



PROP. XIII. Theorem. 

If a right line be perpendicular to a plane, 
every plane which paiTes through it will alfo 
be perpead^ular to that ptaoe.- 



tra 



Let the right Ime ab be perpendicular to the plane CK ; 
then will every plane which pafTes through that line be 
alfo perpendicular to ck^ 

For let ED be any plane which paiTes by the line ab ; 
and in this plane draw any right fine CF perpendicular to 
the common feftion CE (1. 1-1.) 

Then, becaufe the line ab is perpendicular to the plane 
CK {hy Hyp.), it will alfo be perpendicular to the line CE ; 
and the angle abf will be a right angle (VII. 5^/, 2.) 

And lince the angles abf, gfb are each of thStfi a. 
right angle, and the lines ab, gf are in the fame plane, 
they will be parallel to each other (VII. 4.) 

Since, (herefore, thcfe lines are parallel to each other, 

and one of them, ab, is perpendicular to the pTaiie Ck, 

P S the 
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Hie oihcT^ cf» will alfo be peq)endicular to that plane 
(VII- S.) 

But one plane is perpendicular to another, when any 
right line that can be drawn in it, at right angles to the 
common fe£lion, is alfo at right angles to the other plane 
(VIL Def. 3.) ; whence the plane ed is perpendicular to 
the plane CK, as was to be {hewn. 



PROP. XIV- Theorem. 



/ 



If two pl^es which cut each other, be 
each of them perpendicular to a third planei 
their common feftion will alfo be perpendi- 
cular to that plane* 




Let the two planes AB, CB be each of them perpendr- 
ciular to the plane acd ; then will their common fe£lioii 
BD be alfo perpendicular to ACD* 

For if not, let D£ be drawn in the plane ab^ at right 
angles to the common fe£lion ad ; and df in the plane 
CB at right angles to the common feQion DC (L 11.) 

Then becaufe the plane ab is perpendicular to the 
plane ACD {by Hyp.)^ the line DE will alio be perpendi- 
cular to that plane (VIL Q.) 

Ani 
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And fince the plane CB is perpendicular to the plane 
ACD (hy Hyp.), the line DF will alfo be perpendicular to 

that plane (VIL 5.)' 

But lines which are perpendicular to the fame plane 

are parallel to each other (VIL 4.) ; whence the lines 
D£, DF meet, and are parallel at the fame time, which 
is abfurd* 

Thefe linef, therefore, are not perpendicular to the 
plane ACD ; and the fame may be fhewn of any other line 
but DB ; whence db is perpendicular to ACD, as was to 
hq (hewn. 
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'.,.,' ...,p.E EI Mixtions, . 



1 . 



; U A foiid..a^e:ii that wkii^h i« tnade by 4kree or 
more plane angles, which meet each other iti the tta6t 
"point; 

2. Similar folidi, contained by ^ane figiireff, arefuch 
as have all their folid angles equal, each to each, and are 
bounded by the ijime number of fimilar planes. 

8. A prifm is a folid whofe ends are parallel, equal, 
and like plane figures, and its fides parallelograms* 

4. A parallelepiped is a prifm contained by fix pa» 
rallelograms, every oppofite two of which are equal, alike, * 
and parallel. 

5. Areftangular parallelepiped is that whofe bound-, 
ing planes are all reftangles, which are perpendicular to 
each other. 

6. A cube is a prifm, contained by fix equal fquare 
fides, or faces. 

7. A pyramid is a folid whofe bafe is any right lined 
plane figure, and its fide triangles, which meet each 
other in a point above the bafe, called the vertex. 

8. A cylinder is a folid generated by the revolution of 
a right line about the circumferences of two equal and 
parallel circles, which remain fixed. 

9. The axis of a cylinder is the right line joining the 
centres of the two parallel circles, about which the figure 
is defcribed. 

4r 10. A 
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.10., A cone IS a fQlid generated by the mVobtion erf -a: 
rjglft line about the pircuqifj^rence p£ ajtiircle, one end of 
which 19 fixed at a point above the plane of that circle, '.i 

11. The axis of a':: cone is the right- liire joinings the' 
vertex^ or fixed^point, and the centre of the* circle aboW 
which the figure is defcribed. - :.; . 

1^. Similar conei and cylinders are^ftfch as hove their 
altitudes and the diameters of their bafcs proportional. 

15# A fphere is a folid generated by the revolution (of» 
femi-chrcle about its diameter, which remains fixed. * < 

14. The ^xis of a fphere is the right, line about which 
tlie femi-circle revolves; and the centre is the^fame as> 
that of the femi-circle. 

15^ The diameter of a fphere is any right linfe pafling 
through the centre, and terxninated b9th wayi^ by. the 
Xurfa^Ci 

PROP. I. Lemma. 

* If from the greater of two magnitudeSj^ 
there be taken more than its haif j *nd frQni 
the remainder, more than its half; and fo 
on: there \nl\ at length remain a magni- 
tude lefs than the leaft of the propofed mag- 
nitudes, 

Ci ' < t 

Let AB and C be any two magnitudes, of which Aft is 
(h^ greater; then, if from ab there betaken mox% thaa/ 
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its half; and from the remainder more than its half; and 
fo on : there will at length remain a magnitude lefs- 
than c. 

For finceAB: and c are each finite magnitudes, it'i^ 
evident that c may be taken fuch a number of times dA at 
length to become greater than ab. 

Let,"therefore,"D«. be fuch a multiple of c as is greater 
than . AB, and divide i( inj^ the parts df, fg, G£, each 
equ^l to c. • ^ , 

Alfo from. AB take rh greater than its half ; -and -from 
the^ temainder AH^ftabe-HK greater than its half, and fo 
on,jtiU.tbererbe as many divifiond in ab as there ar^ 
in ^E. ,•,-'.. 

Then becaufe' 3Xe is greater than ab ; and bhJ taken 
£com ab; kgrea^diaA it$'faalf,.btat bg^ taken from de^ 
is npt gfieater than its half; the remainder CD will be 
greater than the remainder ha. 

And, again, b6Caufe G D is greater than HA, and hk^ 
taken from ha, is greater thaajts half, but gf, taken 
from GD, is hot greater than Its half; the remainder fxn 
will be greater than the remainder ak. 

But ]FD i^ equal to c by conftruSion, whence c i^ 
greater than a k ; or, which is the fame thing, ak is Jefs 
than c, as was to be fhewn. 



% «r i» « 
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10. A cone k a fulii cnerztd bv Lre rcr: r^-r^ oi a. 
ri|^ lineabjot tic C:ri:--c::srsr.cr oi a circ>, cat rsi ji 
vLich 11 fixci at a orl-t i>?vc :hc p'asc o: :i*: c>clf , 

11. The axis of a co::c b ibc r.gat lirsc jxnsr.^ li; 
vcrtoc» or fixed poixx z-zi iLz cectrs of ihe circle ab^uc 
which the figure it sefcirxd. 

12. Sinibr conct and crUr^ders are fi^ch at hare tceir 
ajrimifef and dse diaineseri of their ba« i>n>ix>niona!. 

15. A fphrre is a fel.d ge^ieraifd bv vx re^oi-jtion of a 
fiani-ckcle about ks (Lasxter, vlcch lesuins fixed. . 

14. The axis of a There is :fac rl^ hne about vhich 
the femi-circis: revolves ; aad the cestre is the fame as 
that of the femi-circlr. 

15, The diaacter of a fphcre is anr right line paSr.g 
fbvoogh the centre^ aod icnninacd bgch ways hy the 
fiirfiice. 

PROP. I. Lemma. 

' If from the greater of t^o magnitudes, 
tbere be taken more than its half; and from 
the remainder, more than its ha]f ; and fo 
on: there \riU at length remain a magni* 
tude lefs than the lead of the propofed mag- 
nitudes, 

A; ^ ^ ■ 'B 

Ci » \ 

Let AB and c be any two magnitudes, of which ab is 
(he greater; then, if from ab there be taken more thaa/ 

P 4 it* 
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But the polygon abode is to the polygon fghkl as 
the fquare of ba is to the fquare of gf (VI. 17.), there. 
fore the polygon ABCDE.is alfo to the polygon fghkl as 
the fquare of bm is to the fquare of GN. 



'. I . . 



PROP. IIL Theorem. 

A polygon may be infcribed in a circle 
that Ihall diflPex from it by lefs than any 
affigned magnitude whatever. 



1 1 
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Let ABCD be a circle, and s any given hiagnitude 
vltofeever; then may a polygon be infcribed iti the circle: 
A]icb that fhatl differ from it by lefs than the magni* 
tudc S.i , " '■* ' ■ : '. 

For* let AC, £0 be two! fquares* the one described in; 
tht circle abcd, and iheiother about it (IV. 6, 7.) ; and 
bifeft the arcs ab, bc, tD,. da, in the points m, ij, r 
and J (III, £5.)'^ and join Ai«, i^iB, B«, «c, cr, rv^ 
X>i.and JA : . ) 

Then fmcethe fquare ACis half the fquare EC (I. S2.), 
and the fquare eg is greater than the circle abcd, the » 
fquaore'AQ will be greater than half the circle abcd. 
. In like manner, if tangqnts be drawn to the circlo 
through^ tbe points ntf ni P^ p^ and patalleiog^ams be de<« 

fcribe4 
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fcribed-upi;n the right lines ab, VCi CD, DA, the trianglei 
AffiB, BMC, crD, DJA Will cach of them be half theparal- 
Idogramin tyiiich it fiands (}. 92.):; . . 

But fvery fegtnoit.u left) ^an Ih^fiar^llelogt-am i^icb 
circumfcribes k ; and therefore each of the trianglet, 4iilifti 
, BMC, QrB, DJA ii greaier than half the|-r<;gmeitt of>tbe 
tircle which contain* «. .. ■ ■■ ■' 

And, if each of the arcs AMy«B,.&c. be i^a tiirjdod 
intQ two equal pans, and right lines- be dtawn; tb'thtf ' 
points of bife£lion, the triangle thlu fonned, oay iililike 
manner, be.flicwn tb be greater than hal£ the fegriicnts 
which contain theth;' and loon iconttnually^ • '.; ,'< 

Since, therefdr?, ilw cii-i:le A3£D is greater <haa tfc 
rpace s, and from the former there, hat bem taken moie 
than its half, and frorn tte renuinder more than its half, 
&C. there will at length remain ifegments which, tajcen 
tQgethfcr, fl»ll be lela that] .the excefs of the circle ABCD 
above the fpacs s { VHi, j .), ii vrai to be fbtvm. 
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A polygon may be' Ctrciiftifcribed about a 
circle that fhall diffei^'frpm it by lefs than 
any aligned magaitu3e w^ititeve):. 




■m 



Let ABCD be the circle, and 8 any given magnitude 
whatever ; then may a polygon be circumfcribed about 

;: •', . the 
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ithe circlcABCD^, that- ffiall differ from it by teft than the 
magnitudes. •'- ' 

For let the circle abcd be circumfcribed by thie fquare 
x^ffrH (IV. 7.), and bifefi: the arcs a'b, bc, cd, da 
;«fit)i ttie li]^es as, of, og and oh ; and to the points of 
bifeftioh' dniw" the tangents W, mn, pr, st (III. 10.) 

Then fince kl is a tangent to the circle, and OE is drawa 
from the cefttre through the point of cbnt^ft, the ailgle 
* %xki% a' right angle (III. \^i)i^ni:e.k m\\ be greater than 
kx (L IT.) or its equal i^A. 
■ But triangles of the fame .altitude aiie to- each other as 
their bafes (VI. 1;) ; whence the hafc )E.k being' greater 
than the bafe kA^ the triangle £jr)( will alio be greater 
than the triangle ixA. - 

« And becaufe the triangle i.xk is greater than the trian* 
angle kxA, it will alfo be greater than half the curvelineal 
fpace zxK : and the fame mxf be (hewn of any other tri- 
angle and the curvelinedd fpace to which it belongs. ' 

In like manner, if the arcs Ax^ ;rB, &c. be agaip bi- 
fe6ted, and tangents be drawn to the points of l)ife£lion, 
the triangles thus formed will be greater than half the 
curvelineal fpaces to which they belong. 

Since, therefore, the excefs of the fquaiTQi^hQvc ^he 
circle is greater than the ^lagnitude s,, and from the 
former there has been taken more than its haiJ^, and from 
the remainder more than \ifk half; and fo on, there will at 
length remain fpaces, which, taken together, (hall be lefs 
than the magnitude $ (VIII. !•), as was to be (hewn. 
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PROP. V. Theorems. 

Circles are to each other as the fquares of 
their diameters. 





■( 



tet ABCD, EFGH be two Circles, and bd, fh their 
<}i^meters : then will the fquare of bd be to the fquare of 
j^H as the circle abcd is to the circle efgh. 

For, if they have not this ratio, the fquare of hD will 
be to the fquare of fh, as the circle ABCp is to fome 
fpace either lefs or greater than the circle efgh. 

Firft, let it be to a fpace ST lefs than the circle efgh ; 
and infcribe the two fimilar polygons aropq, eklmn fo 
that the circle efgh may exceed the latter by lefs than it 
exceeds the fpace ST (VIII. S.) 

Then, fince the circle efgh exceeds the polygon 
EKLMN by lefs than it exceeds the fpace st, the polygpn 
EKLMN will be greater than the fpace ST. 

And, becaufe fimilar polygons, infcribed in circles, are 
to each other as the fquares of their diameters (VIIL 5.), 
the fquare of bd will be to the fquare of f h as the polygon 
AROPQ is to the polygon eklmn, 

But the fquare of bd is alfo to the fquare of fh as the 
circle abcd is to the fpace ST [byConft.); whence the 
circle a-bcd will be to the fpace st, as the polygon 
AROPQ is to the polygon eklmn. 

5 The 
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The circle abcd, therefore, being greater than the 
polygon AROPQ, which is contained in it, the fpace ST 
will alfo be greater than the polygon eklmn. 

It is, thereforff, leik d^kd greater at« the fame tinie, which 
is impofEbJe ; confequently the fquare of bd is not to the 
fquare of fh as the circle abcd is to any fpace lefs than 
the circle epgh.. 

And, in fhe fame manner, it may be demonftrated, 
that the (quare of fh is not the fquare of bd as the 
circle efgh is to any fpace lefs than the circle abcd. 
_ Nor, is the fquare of bd to the fquare of fh as the 
circle abcd is to a fpace greater than the circle EFGri. 

For, if it be poffible,' let it be fo to the fpace sx, which 
is greater than the circle efgh. 

Then, fince the fquare of fiD is to the fquare of fh as 
the circle abcd is to the fpace sx, therefore, alfo, in-, 
verfely, the fquare of fh is to the fquare of bd as the 
fpace sx is to the circle abcd (V, 7.) 

But the fpace sx is greater than the circle efgh {iy 
Hyp.) ; whence the fpace sx is to the circle abcd as the 
circle efgh is to fome fpace lefs than the circle abcd 
(V. 14.) 

The fquare of F h is, therefore, to the fquare of b d as 
the circle efgh is to a fpace lefs than the circle abcd 
(V.ll.), which has been fliewn to be impoflible. 

Since, therefore, the fquare of B d is tiOt to the fquare 
of fh as the circfe abcd is -to any fpace either lefs or 
greater than the circle efgh, the fquare of bd muft be 
to the fquare of fh as the circle abcd is to the circle 

tFGH. Q.E.D. 

Cor. 1. Circles are to each -other as the fquares of 
Hieir radii ; thefe being half the diameters. 

Cor. 



• Cor. ^« If the radii or diameters of ihree circteii jbe re^ 
fpeftively equal to the three fides of a tigliMrtl^^led Man^ 
gle, that vfhofe radius or diameter itf the hy^othenufe will 
he equal to the other two taken together (it. H;}> 
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PROP. VI. Theorem. 

Every circle is equal to the re6larlgle of 
its radius, and a right Ime equal to half its 
circumference. - . 




Lee k mp x be a circle^ and ov a redangle contained 
tinder the radius ok and a right line oW equal to half the 
circumference; then wiU the circle A ;»^ / be equal t» 
the re£langle ov. . . - 

For if it be^ not, it mull be «kher gi^eater or Itb. 

Let ill be greater; juid 1^ the reflangle oz be equal to 
fbe circle t tnf s ; and infcribe a pplygoil Iririitx the drcW 
Imps that (hall differ iv(yta it by lefs than the magt^itudo 
Wz (VIIL 5,) 

Thefh fince the triangle h(f th tqua! to half a reftangl^ 
under the bafe k t and the perpendicular- oat (L ^S.), t}i6 
^ whole polygon will be equal to half a reftangle under its 
perimeter and the perpendicular ox. 

And becaufe ow is greater thap half the perimeter of 
any polygon that can be infcribed in the circle imps 
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(iy Hy^.)x:^M P^ is greater than o.^ (I. 17.); the ttO,^ 
angle o v will alfo be greater than the polygon / n rj. 

But the polygon differs from the circle, or from the 
refUnglq pz, by lefs than the magnitude wz [by Cofift,)^ 
and o V diflFers from oz by wz ; confequently the polygon 
is greater than the re6bngle ov. 

It is, thei*ef6re, both greater and lefs at the fame time, 
yrhich is abfurd ; whence the circle kmf s is not greater 
than . the reflangle o v . * 

Again, let it be lefs than pv, by the teftartgle wyi 
and let B D F H be a polygon circumfcribed about the circle^ 
that (hall differ from it by lefs than the magnitude wy 
(VIII. 4.) 

Then fince the triangle BOA is equal to half a reQangle 
under the bafe ba and the perpendicular ok (I. S?.}, the 
whole polygon will be equal to half a re£tangle under its 
perimeter and perpendicular oi» 

And becaufe o w is lefs than half the perimeter of Iny 
polygon that can be circumfcribed about the circle (iy 
Hyp.), and o^ is common, the re6langle ov will alfo be 
lefs than the polygon bdfh. 

But the polygon differs from the circle, or from oy, by 
lefs than the magnitude \vy [by Hyp.)^ and ov differs 
from o;' by viy ; confequently the refbmgle ov will be 
greater than the polygon bdfh, which is abfurd. 

Since, therefore, the reflangle ov is neither greater 
nor lefs than the circle kmps^ it muft be equal to it, at 
was to be (hewn. 
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PROP. VII. Theorem* 

The circumferences of circles are in pro* 
portion to each other as their diameters. 




Let ABCD, EFOH be arty two circles, whofe diameten 
are BO, FH ; then will the circumference abcd be to the 
circumference efgh as the diameter bo is Co the diame- 
ter FH* 

For let OM, sp be two right lines equal to the fcmi- 
circumferences dab, hef, and on the radii oa, S£ make 
the fquares oK SL (II. 1.}, and complete the re£langles 
ON^ sr: 

Then fince the reSangles on, sr are equal to the cir- 
cles abcd, efgh (VIII. 6.), and the circles are to each 
other as the fquares of their radii (VIII. S. Cor.) the 
re£langle on will alfo be to the fquare ok as the re£lan- 
glc SR is to the fquare SL (V. 9.) 

But ON is to OK as OM to od (VI. 1.), and sr to 
SL as SP to SH (VI. 1-); therefore, by equality, OM will 
be* to OD as sp is to sh {V. II.) 

And becaufe any equimultiples of four proportional 
quantities, are alfo proportional (V. IS.), twice OM will 
be to twice od as twice sp is to twice sh ; or, by alter- 
nation, twice OM is to twice sp as twice od is to twice 
&H. 

Q Bm 
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•But twice OM and twice sp are equal to the circumfe- 
rences ABCD, EFGH (byConJi.); and twice OD and twice 
^H are equal to the diameters bd, fh ; whence the cir- 
cumference ABC1> is' to the circumference efgh as the 
diameter bd i^ to the diameter fu. Q. £• D« 



PROP. VIIL Theorem. 

If a prifm be cut by a plane parallel to it» 
bafe, the feftion will be equal and like the 
bafe* 




Let AG be a prifm, and klmn a plane parallel to the 
bale ABCD ; then will klmn be equal and like abcd. ■ 

for join the points nl, and db t 

Then fmce km, ac arc parallel planes (by Hyp4)^ and 
the plane AN cuts them, the feftion kn will be parallel to 
the feaion ad (VII. 12.) 

And fmce ak is alfo parallel to dn (VIIL Def, 3.), the 
figure an is a parallelogram; and confequently kn is 
equal to ad (I. 30.) 

In like manner it may alfo be fliewn, that kl is equal 
to ab, lM to Be, and mn to cd. 

And fmce kn, kl in the plane km, are parallel to 
AD, AB in the plane AC, the angle NKL will be equal to 
the angle DAB (VIL 7.) 

8 The 
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' The two -Mtt KN, KL of the triangle jcln, being* 
therefore, equal to the two (ides ad, as of the triangle 
ABD, and the angle.NKL to the angle dab, the triangle 
&LN will be equal and like the trian^ ABD (I. I*.) 

And in the faime manner it may be ihewn, that the 
triangle lmn is equal and like to the triangle BCD. 

But the triangles kln, lmn are, together, equal to 
thefeftion rlmn; and the triangles ABD, BCD to the 
fe£tion ABCD ; whence the fefi:ion klmn is equal and 
like to the feflion AfiCD. 

Q« £. D. 



PROP. IX. Theorem* 

Prifms of equal bafes and altitudes are 
equal to each other. 



i 



2 
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Let AM, ts be any two prifms, ftanding upon the 
equal bafes abcd, efgh, and having equal altitudes; 
then will am be equal to ES. 

For parallel to the bafes, and at equal diflances from 
them, draw the planes mp and vw. 

Then, by the laft propofition, the feaion mnps will be 
^equal to the bafe abcd, and the feftion vowrto the 
bafe EFGH. 

Q« Bu 
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Butthebafe abcd ii equal to the bafe ErCH by hypo- 
thefis; whence the fe£lion rmfi a, alfo, equal to the. 
re3ion vowr. 

And in the fame manner it may be (hewn, that any 
other feSioRB, at equal diilaoces from the bafes, are equal 
to each other. 

Since therefore every Teftion in the prifm am it equal 
to itj correfponding feElion in the prifm ES, the prifmi 
themfelveE, which are compofed of thofe fe£Uoiii, muft 
alfo be equal. Q. £. D. 

Cor, Every prifm is equal to a reftangular parallele- 
^ipedcii of an equal bafc and altitude. 

PROP. X. Theorem. 

Reflangular parallelepipedons, of equal 
altitudes, are to each other as their bafes. 





y 
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Let AC, MP be two reflangular parallelepipedons, hav- 
ing the equal altitudes ed, or ; then will ac be to mp 
ai the hafe se is to the bafe nq. 

For in ab, produced, take any number of right lines 
AF, FL each equal to ab; and in mn, produced, take 
any number of right lines nt, TX each equal to mn. 

Complete the parallelograms FE, Fk, mv, TZ, and 
make the upright folids AC, fH, NW, TY of equal alti. 
tu^es with AC or MP. 

Then, 
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Then, becaufe af, fl are each equal to AB, and NT, 
TX are each equal to mn [by Conji.)^ the parallelogrannu^ 
F£» FK will be each equal to be, and the parallelogr^mi 

NV, TZ to NQ (II. 5.) 

And, fince the folids AG, fh have equal bafes and al- 
titudes with the folid AC, they will be each equal to AC 
(VIII. 9.) ; and, forthe fame reafon, the folids nw, tV, 
will be each equal to nr. 

Whatever multiple, therefore, the bafe bk is of tlie 
bafe B£, the fame multiple will the folid bh be of the 
folid AC ; and^ for the fame reafon, whatever multiple 
the bafe uzA% of the bafe nq, the fame multiple will the 
folid MY be of the folid MR. 

If, therefore, the bafe bk be equal to the bafe Mz, the 
folid BH will be equal to the folid my ; and if greater, 
greater; and if lefs, lefs; whence the bafe b£ is to the 
bafe NQ, as the folid AC is to the folid NR (V. Def. 5.) 

Q. E. D. 

Cor. From this demondration, and the Cor. to the 
laft Prop, it appears that all prifms of equal altitudes, are 
to each other as their bafes ; every prifm being equal to 
a re6langular parallelspipedon of an equal bafe and alti- 
tude. 



QS PROP. 
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PROP. XI. Theorem, 

/Re6langular parallelepipedons of equal 
bafes are to each other as their altitudes. 
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v4=I 



F 



31 



I7[ 

"-Hi 



E P 



Let AK, EP be two reflangular parallelepipedons ftand-* 
ing on the equal bafes AC, eg ; then will AK be to EP aa 
the altitude am is. to the altitude es. 

For let AW be a reftangular parallelepipedon on' the 
bafe AC, whofe altitude av is equal to the altitude ES of 
,the parallelepipedon ep : 

Then, fmce the bz^fe AC is equal to th^ bafe eg (iy 
Hyp*)^ and the altitude AV is equal to the altitude ES [By 
Conji.), the folld AW will be equal to.the folid EP (VIII. 9.) 

And if AL, AY be confidered as bafes, the foKd AK 
will be tp the folid aw as the bafe A L is to the bafe ay 
. (VIII. 10.) 

But the bafe A L is to the bafe AY )as the fide AM is to 
the fide av (VI. 1.) ; whence by equality the folid AK 
will be to the folid aw as the altitude AM is to the alti- 
tude AV (V. II.) 

Since, therefor^, the folid aw is equal to the folid ep, 
and the altitude av to the altitude ES, the folid AK will 
alfo be to the folid ep as am is to es (V. 9.) 

Q, E.D. 

Cor. 



\ 



BOOK THE EIGHTH. 



231 



Cor. From the reafon given in the Cor* to the feft 
Prop, it follows, that all prifms of equal bafes, are to. 
each other as their altitudes. 



PROP. XIL Theorem. 

The bafes and altitudes of equal reftangu- 
lar parallelepipedoqs are reciprocally propor- 
tional ; and if the bafes aiid altitudes fe6 re- 
ciprocally proportional, tl>e parallelepipedons 
will be equal. 
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Let the reftangular parallelepipedon AR be equal to 
the. reftangular parallelepipedon ey ; then will the bafe 
AC be to the bafe eq, as the altitude eo is to the alti-< 
tude AW, 

For let AL be a reftangular parallelepipedon on the bafe 
AC, whofe altitude ap is equal to EQ, the altitude of the 
parallelepipedon ey.^ 

Then fmce the altitudes ap, eo are equal to each 
other {ly Conft.), the folid AL will be to the folid EY a$ 
the bafe AC is to the bafe EG (VJII. 10.) 

And becaufe the folid ar is equal to the folid ET 
{by Hyp,)^ the folid AL will be to the folid ar as AC ill 

to EG (V. 9.) 

Q 4 But 
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But the folid al is to the folid AR as AP is to kvft 

(VIII. 11.) ; whence, alfo, AC is to eg as ap is to AW 
(V. 11.), or AC to EG as eg to aw. 

Again, let ac be to eg as BO is to AW ; then will ab 
be equal to ey. 

For, fincc al is to ey as AC to eg (VIII. 10.), and 
AC to j&g as EO to AW {by Hyp.), AL will be to EY as 
EO to AW (V. 11.) 

But EO, or AP, is to AW as al is to ar (VIII. U.) ; 
therefore al will be to ey as al is to ar (V. 1 1.) 

And fince the antecedents are equal, the confequents 
will alfo be equal ; whence the folid ar is equal to the 
folid EY, as was to be fhewn. 

C o R. The fame proportion will hold of prifms in gene- 
ral ; thefe being equal to reflangular parallelepipedons of 
equal bafes and altitudes^ 



PROP. XIII. Theorem. 

Similar re6l:angular parallelepipedons are 
to each other as the cubes of their Hke fides. 





Let AF, KP be two fimilar re£langular parallelepipe* 
dons, whofe like fides are ab, kl; then will af be to 
KP as the cube of ab is to the cube of kl. 

For let AT, KW be two cubes (landing on AX, Kz, 
the fquares of the fides ab^ kl* 

Thea 
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Then fince parallelepipedons on the fame bafe are to 
each other as their altitudes (VIII. 11.), af will be to 
AH as AH to AV, or ab ; and kp to kj as kr to ky, or 

But the planes abeh, klor. being fimilar (VIII. Def. 
«.), AH will be to AB as kr is to kl {Wl. Def. 1.); 
whence af is to a« as kp to kj(V. 11.}; or af to kp 
as A»to Kj (V. 15.) 

Again, (ince parallelepipedons of the fame altitude are 
to each other as their bafes (VIII. 10.), at will be to a« 
as AX to AC ; and kw to rx as kz to km. 

And becaufe ax, or the fquare of ab, is to AC, as 
KZ, or the fquare of kl, is to km (VI. 17.); at will 
be to Ml as kw is to kj (V. 11.) ; or at to kw as Aif 
taKj(V. 15.) 

But AF has been Ihewn to be to kp as a» is to kx; 
t|ierefore, alfo, af is to kp as at to kw (V. 11.) 

Q. E. D. 

Cor. 1. Similar re£langular parallelepipedons are to 
each other as the cubes of their altitudes; thefe being 
confidered as tike fides of the folids. 

Cor. ft* 'E.VQxj prifm being equal to a parallelepipedon 
pf an equal bafe and altitude (VIII. 9. Cor.)^ all fimilar 
prifms will be to each other as the cubes of their altitudes^ 
^ like fides. 



PROP. 
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PROP. XIV. Theorem. 

If a pyramid be cut by a plane parallel ta 
its bafe, the feftion wilL be to the bafe a« 
the fquares of theiy diftances from tb^ 
vertex. 




Let ED ABC be a pyramid, arrd m^s. ffeftion parallel t<l 
the bafe AC ; then will mo he to AC as the fq[uares of their 
diftances from the vertex. 

For draw is perpendicular tp the plane of the bafe AtJ 
(VIL 9.) ; and join DS and/r. 

Then, fince mp, mn arc parallel to ad, ab (VII. 12^.}, 
the angle pnm will be equal to the angle DAB (VII. 7.) ; 
and pm will be to da as zm to £A, or as mn to ab 
(VI. 3.) 

For a like reafon each of the angles in the feftion m9 
are equal to their correfponding angles in the bafe AC, 
and the fides about them are proportional ; whence mo is 
fimilar to AC (VI. Def. 1.) 

And becaufe /)/« is parallel to da, and/^r to ds (VII. 
1^.), pm will be to da as zp to- ED, or as Er to es 
(VI. S,) 

The 
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The lines ^;fi, ba, Erahd es being, therefore, pro- 
portional, the fquare of pm will be to the fquare of da, 
aa the fquare of Er is to the fquare of es (VI. Id. Cor.) 

But the fquare of pm is to the fquare of da as itw is tOi- 
AC (VI. 17.) ; whence the fquare of iLr is to th^ fquare 
of is as mo \^ to AG (V. 11.) 

Q. E. D; 

GoR, If a pyramid be cut by a plane paraHel to it« 
bafe, the fcQion will be fimilar to the bafe. 



PROP. XV. Theorem. 

Pyramids of equal bafes and altitudes are 
equal to each other. 





Let EDA3C, LKFGH be any two pyramids, of which 
the bafe AC is equal to the bafe fh, and the altitude 
ES to the altitude lp; then will edabc be equal to 

JLKFGH. 

For make zr equal to ho ; and draw the feftions mn^ 
vw, parallel to the bafes AC, fh. 

Then, by the laft propofition, the fquare of Er is to 
the fquare of es as mn is to AC ; and the fquare of lo to 
the fquare of lp as vw is to fh. 

And fince the fquare of Er is equal to the fquare of l$ 
(Conjt. and IL ^.); and the fquare of es to the fquare 

of 
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of t? (Hyf. arid II. 2.) mn will be to ac w ww « to rtt 
(V.9.) 

But AC is equal to ru, by hypotbefis ; whence mn it, 
alfo, equal to vw (V. 10.) 

And, in the Tame manner, it may be fliewn, that any 
other fefiions, at equal diflancci from the vertices, are 
cfual to each other. 

Since, therefore, every feftion in the pyramid sdabc 
iscqual to its correfpondingfe£Uon in the pyramid LKFGH, 
the pyramids themfetves, which arc compofed of thofe 
ie^ions, mull alfo be equal. 

Q. E. D. 



PROP. XVI. Theorem. 

Every pyramid of a triangular bafe, is the 
third part of a prifm of the fame bafe and 
altitude. 



Let DABCbe apyramid, and fdABE aprifm, Handing 
ind having the fame altitude ; 



upon 



the fame bafe j 



then will dabc be a third of fdabe. 

For in the planes of the three fides of the prifm, draw 
the diagonals db, dc and c£ : * 

Then 
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Then becaufe db divides the parallelogram ae into two 
equal parts, the pyramid whofe bafe is abd, and vertex 
c, is equal to the pyramid whofe bafe is bed and vertex 
c (VIII. 150 

And fince the oppofite ends of the prifm are equal to 
each other (VIII. Def, S.)f the pyramid whofe bafe is 
ABC and vertex D, is equal to the pyramid whofe bafe is 
DEF and vertex c (VIII. 15.) 

But the pyramid whofe bafe is abc and vertex d, is 
equal to the pyramid whofe bafe is abd and vertex Cj be- 
ing both contained by the fame planes. 
/ The three f pyramids dabc, cbed and cefd are, 
therefore, all equal to each other ; and confequently the 
prifm FDABE, which is compofed of them, is triple the 
pyramid dabc, as wa$ to be (hewn. 

Cor. Every pyramid is the third part of a prifm of the 
fame bafe and altitude ; fince the bafe of the prifm, what- 
ever be its figure, may be divided into triangles, and the 
whole folid into triangular prifms, and pyramids. 

Scholium. Whatever has been demonftrated of the 
proportionality of prifms, holds equally true of pyramids; 
the former being always triple th^ latter. 



PROP. 
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PROP. XVII. Theorem. 

If a cylinder be' cut by a plane parallel to 
its bafe, the feftion will be a circle, equal 
to the bafe. 



Let A7 be a cylinder, and GHK a feftion parallel tO its 
bafe ABC ; then will ghk be a circle, equal to abc. 

For let the planes ne.^nf pafs through the axis of the 
cylinder lk, and meet the Teftion Ghk in m, h and K. 

Then, fince the circle dcf is equal and parallel to the 
circle ABC (VIII. Def. %'.), the radii lf, LE will be 
equal and parallel. to the radii nc, NB (III. 5. and 
VII. 13.) 

And becaufe lines which join the correrponding ex- 
tremes of equal and parallel lines are themfelvcs parallel 
(I. 29.), FC, EB will be parallel to ln ; or KC, HB to 
MM. 

In like manner, fince the circle CiiK is parallel to the 
circle a6c {By Hyp.), mk, mh will be parallal to nc, 

NB. 

And, becaufe the oppofite fides of parallelograms are 
equal (i. SO.), mk will be equal to NC, and MU to nb. 

But 
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' But NC, NB are equal to each other, being radii of 
/the fame circle ;. whence mk» mh are alfo equal to each 
other. 

And the fame may be fliewn- of any other lines, drawa 
from- the point m, to the circumference of the fe6lion 
Cuk; confequenily GHKis a circle, and equal to ABG^ 
as was to be (hewn* 



PROP- XVIIi. Theorem* 



Every cylinder is equal to a prifra of an 
equal bafe and altitude* 




K 



¥^ 



/ 



/ 



G 



_M 



/ 



/ 



JW 



r 

^E 



Let AH be a cylinder, and DM a prifm, Handing upon 
equal bafes acb, def, and having equal altitudes; then 
will AH be equal to dm. 

For parallel to the bafes, and at equal diftances from 
them, draw the planes onm, and vfw. 

Then by the lafl: Prop, and Prop. 8, the feftion onm 
is equal to the bafe acb, and the feftion vrw tcf the bafe 

DEF. . • .» 

But the bafe acb is equal to the bafe def, by hypo- 
thefis ; whence the feftion enm is alfo equal to the fec- 
iion vrw, * i^ 

And, 
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And, in the fame manner, it may be (hewn, that, 9ny 
other feflions, at equal diftances from the bafe> are eq[uatl 
to each other. 

Since, therefore, every feftion of the cylinder is^equal 
to its correfpondenjt fefliori in the prrfm, thq folids them- 
felves, which are compofed of thofe feflions, muft alfo 
be equal. 

Scholium. Whatever has been demonftrated of the 
proportionality of prifms; holds equally true of cylinders; 
the former being equal to the latter. |^ 



PROP. XIX. Theorem. 

If a cone be cut by a plane parallel to its 
bafe, the feftion M^ill be to the bafe as the 
fquares of their diftances from the vertex. 




Let DABC be a rone, and mnp a feflion parallel to the 
bafe ABC ; then will nmp he to ABC as the fquares of their 
diftances from the vertex. 

For draw the perpendicular cr; and let the planes 
CDP, BDP pafs through the axis of the cone, and meet 
the fe£lion in o^ pt and m* 

Then 



Then fince the feftion nmp i« parallel to the bafe ABC 
{by Hyp%), and thei-pIgnes.X^.'.ca^IcUt them, op will be 
parallel to pc, and om to pb (VII. 1^.) 
* And becauft ^he mangles formed bytfiel^'fine^ are 
equiangular, om will be to -^B in.J^oho V^l:QX9i$.tf 19 

pc(yL5.) 

But PB is equal tdtPC, being raAii of the fame circle; 
wherefore om will aJfo be equal to «^ (V. 10.) 

And the fame may be. (hewn of . aay other lines drawn 
from the point o to the cIrcumfereacS of thp iejfkion nmp ; 
whence nmp is a circle. , 

Again, by fimilar^triatigles, Dx is to Dr as do to I>1% 
'QT -sA'tm to PB ; whence the fquart-oj^ Oi isj:o the fquare 
K>f pr as the fquare of^m is to the fquare ]^f pb (VL 19.) 

But th^ fqMare of f/n U to the fquare of pb ^s the 
circle; imp is to the circle abc (VUt 5»)^ thei^eforc 
the fquare.pf J>s is to tl)e.fquare of pr as the circle nmp i^ 
to ibe cirpl^ ABC (V. U«) 

. J ... ^ Q.E.D. 

^' • ^ 

Coil. If a cone be cut by a plane parallel to its |Mfe 
;^}ie fe3ion will be a circle. 



PROP, 
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P R O P. XX. Tbxouxm. 

BverjT eoae is equal to a py^mid of an 
^•qvai bale and altitadev 





I I 



^Qpbn equal %afes AfiC, fif i&if, aftd h^ng equal altitudes 
it)^, KS ; then-will daw bc««qUri to KIFO'R. - 
- Fbr pavalld to the bafes, aaid at equal diftaneai M» kt 
^ditt the vertices, draw dve plaxiisa mn/ and im;« 

Then by the laft Prop, and Prop. IS, the fqiUM ^ 
*bi9 if to the fquare of d p as nmp it to abc ; and the fquare 
t»f ler to *the fquaqp c^f tqr as *inu to xt;. 

And fince the fquares of d^, dp ar^ equal to.^ fqumft 
of Kr, KJ (Ci9^. tfiu/ II. 2.)* ^^^P is ^o ABC as t;t(; is to 

EG (V. 11.) 

But ABC is equal to eg, by hypothefis ; wherefore nmp 
is, alfo, equal to inv (V. 10.) 

And, in the fame manner, it may be fliewn, that any 
other feftions, at equal diftances from the vertices, arc 
equal to each other. 

Since, therefore, every feflion in the cone is equal to 
its correfponding feftion in the pyramid, the foHds dabc, 
KEFGH of which they are compoled, muft be equal. 

Q. E. D. 

' % PROP. 
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PROP. XXI. Theorem* 



Every cone b the third pi<rt of a cylindej 
•f the fame bafe and altitude* 





Let EAB be a cone, and dabc a cylinder, of the famC 
bafe and altitude ; then will £ ab be a third of p abq. 

For let^KFG, KFOH he a pyramid and prifm,havipg 
an equal bafe and altitude with the cone and cylinder* 

Then fince cylinders and prifms of equal bafes and al« 
titudes are equal to each other (VIII. 18.) the cylinder 
PABC will be equal to the prifm kfgh. 

And, becaufe cones and pyramids of equal bafes and 
altitudes are equal to each other (VIJI. £0.), the cone 
SAB will be equal to the pyramid kfg. ' 

But the pyramid kfg is a third part of the prifm kfgh 
fVIII. 16.), wherefore the cone eab is, alfo, a third part 
of the cylinder dabc. / 

Q. E. D. 

ScHO L 1 u M 1 . Whatever has been demonftrated of the 
proportionality of pyramids, prifms, or cylinders, hold$ 
equally true of cones, thefe being a third of the latter. 

^. It is alfo to b« obferved, that fimilar coaes and cy- 
linders are to each other as the cubes of th|^ altitudes, 

R 2 ar 
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or the diamaters of their bafes ; the term like fides being 
here inapplicable. 



PROP. XXII. Theorem. 



/' 



" If a fphere be cut by a plune the feftion 
-will be a circle* 




• Let the fphere ebd be cut by the plane bid; then will 
BSD be a circle. 

' Tor let the planes ABC, AsC pafs through the axis of 
the fphere EC, and be perpendicular to the plane bjd. 

Alfo draw the line bd ; and join the points A, D and 
r, s: ' 

Then fince each oF thefe planes are perpendicular tc^ 
the plane bxd, their common feflion Ar will alfo be per- 
pendicular to that plane (VII. 14.) 

And, becaufe the fides ab, Ar, of the triangle ABf 
are equal to the fides aj, Ar of the triangle Asr, and the 
angles ArB, Arj are right angles, the fide rB will* be 
equal to the fide rs (I. 4.) • 

In like manner, the fides AD, Ar, of the triangle ADr, 
being equal to the fides a/, Ar, of the triangle A/r, and 
the angles ArD, Ars right angles, the fide rD will alfo 
be equal to the fide ri (I. 4.) 

• The lines rB, rD and rs, are, therefore, all equat; and 
the fame may be fliewn of any other lines, drawn from the 

point 

/ 



f 
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point > to the circumference of the fefiion; whence B*rf 
is a circle, as -wd^a to be (hewn. 

Cor. The centre of every fe6lion of a fphcre is always 
in a diameter of the fphere. 



.- ■; 



PROP, XXIII. Thborbm. n 

. ■ \ , ■ - • . . 1 

Every fphere i$ two thirds of its circum-^ 
fcribing cyUnden ^ 




J .y: 



Let rtsu be a fphere, and dabc its circumfcribing 
cylinder; then will tejm be two thirds of dabc. 

For let AC be a feftion of the fphere through its centre 
F ; and parallel to DC, or ab, the bafe of the cylinder, 
draw the plane lh, cutting the former in n and m; and 
join FE, Fff, FD and Fr. 

Then, if the fquare Er be conceived to revolve round* 
the fixed axis Fr, it will generate the cylinder ec ; the 
quctdrant FEr will iUo generate the hemifphere EMrE; 
and the triangle FDr the cone fdc. 

And fince fh« is a right angled triangle, and fh is 
equal to Htriy the fquares of fh, hw, or of Hm, Hn, are 
equal to the fquare of F«. * 

But ¥n is alfo equal to fe or hl ; whence the fquares ' 
of iitriy un are equal to the fquare pf hl : or the circular 
• . » « R 3 fe£lions 
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fc£tion6 whofe ladii are ifm, un are equal to the drcuiar 
fe£lion whofe radius is hl {VIII. 5. Cor.) 

And H this is alwa^rs diexafe, in every parallel pofition 
of HL, the cone fdc and cylinder £C, which are com* 
pofed of the former of thefe feftions, are equal to the 
hemifphere EMrz, which is compofed of the latter. 

But the cone fdc is a third part Qf the cylinder EC 
(VIII. 21.); whence the hemifphere EMrE is equal to 
the remaining two thirds ; or the whole fphere rzsM is 
equal (9 two thirds of the vfhoit c^^inder dabc, as Was 
to be fhcwn. 

Cor, 1. A cone, hemifphere, and cylinder, of the fame 
bafe and altitude, are to each other as the numbers. 1, j?^ 
and 3. 

CoR^ 2. All fpheres are to each other as the cubes of 
their diameters ; thefe being like parts of their circum<» 
Jicribing cylinders. . 
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NOTES. AMD OBSERVATIONS. 



DilF. 1. Bqok I.. T 

THE definition of a folicl, cont;rary tQ ^he ufual me** 
thod, it here made the firil of the firft Book ; as thq^ 
of a point» line and fuperficies. are 9il derived frqm it^ 
and cannot be underftv od without it. fiuct i d feems^^ 
have placed it in the eleventh bo^k pf the Elements, f*^ 
the f^f^e of uniformity ; but arrangements of this kiqd^ 
which are merely arbitrary, are bi^t of little canfequeMH 
and ftould therefore always be made to give pl^e. to- 
perfpicuity and the natural order of thingi|. 

D E r. ^, s, 4. Book I. 

Thefe definitions are now, by meamis of the formert 
rendered perfeflly clear and intelligible, /6 that any far» 
ther elucidation of them is altogether unneccflary. Dr#, 
SiMSON has endeavoured to (hew, by a formal propf,. 
drawn from the confideration of a folid, that a point, ac« 
cording to Euc LI p'ji donation, is without parts, aline 
without breadth, and a furface without thicknefs; but 
this, arid all other demonfiratiops of the fame kind, ^vf^ 
unfcientific and fuperfluous ; for thefe properties are (q 
obvioufly eflential to the things defined, that they cannpt,. 
even in idea, be feparated from them. If a point ha^ 
parts, it would be a line ; if a line had breadtlf it would 
be a fuperficies; and if a fuperficies had thicknefs, it would 
be a folid ; which are all manifeft cpntradiflions. It is, 
belides, a fure fign that a definition is badly expreHed, 

R 4 when 
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when It requires a number of prolix arguments to eAablifli 
its truth and propriety. 

' - - De T. J5. -Book J. , .. . \ 

Euclid's definition of a right line is notcxprefled in 
fo accurate and fcieniific a manner as could be wiftied; 
the lying evenly between its extreme points, is too vague 
and indefinite! i' fei*m to be ufed in a fcience fo much 
celebrated for its ftriftnefs and fimplicity as Geometry.' 
Archimedes defirieS it to be the ihorteft diftance between 
any two points ; but this is equially exceptionable, on ac-; 
count of the -uncertain fignification of the word diftance, 
which, in common language, admits of various me«^. 
ings. That which is here given, is^ perhaps, not mucb^ 
preferable to either of thefe. The term right, or ftraight> 
line, is, indeed, fo common and fimple, that it feems to 
convey its own meaning, in a more clear and fatisfaftory 

jnanner than any explanation which can be given of it* 

... ■ • ., , . . . 

X)r. Austin, in his Examination of the firll fix books df 
the JElements, "propofes a Angular emendation of this dc-* 
finition, which includes the coilfideration of right lines, 
ihflead of a right line, as the cafe manifeftly require^. 

D E F. e, B O O K I. 

Some call a plane fuperficies that which is the leaft of 
all tbofe haying the fame bounds: and others, that which 
U gener^ed by the motion of a right line, not moving 
in the dlreftion of itfelf ; but thefe definitions are too 
ftomplex and obfcure to anfwer the purpofe required. 
Euclid defines it to be that which lies evenly between its 
, lines; which is liable to the fame exception as that given 
of a right line : nor is the one which has been fubftituted 

m 
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ki the place. of this^ t>)rDR, $fMSON^ and other Editors; 
fo ftmple and perfpicuous as could be wi(hed« Nothing 
is gained by the explanation of a term, if the words in 
^vhich it is expneffed are -equally, or more, ambiguous, 
than the te/m. ilfeif : for this reafpn, that which is here 
given, has been preferred to^itbejr of thofe abovemea« 
tioned : thoi^h^ perhaps^ i^ -may. not be equally commo* 
dious in certain cafes. 

It isalfo to be remarked, that Euclid never defines 
one thing by the intervention of another, as is the cafe in 
Dr. Sim son's emendation^ fo that if this method had 
occurred to him, he would certainly have rejeded it. 

D E F. 7. Boo K I. 

The general definition of an angle in Eu CLi d, has been 
properly objeSed to, by feyeral of the modern Editors^ 
as being unneceffary, and conveying no diftinft meaning; 
and in Dr. Simson's emendation of the ninths there 
feems to be ftill a fuperfluous condition. He defines a re£U^ 
lineal angle, to be '' the inclination of two flraight lines 
to one another, which meet together, but are not in the 
fame ftraight line.*' Now their not being in the fame 
ftraight line, is a neceffary confequence» otvioufly in- 
cluded in their having an inclination to each other ; and^ 
therefore, to make this an efiential part of the definition, 
is certainly improper, and unfcientific. 

D E F. 8, 9. Boo K I. 

. Euclid includes a right angle and a perpendicular in 
the fame definition, which appears to be immcthodical, 
and contrary to his ufual cuftom. They arc certainly 
clilliA£t things, though dependent upon each other, and 

have 
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btve as much claim 19 be fepar^y definedj ai a circle 
and its diamelcr • 

OsF. 15. Book I. 

The definition of a circle from its generation, hat 
been thought byDR.BAKROW and others, to be pre* 
ferable to Euclid's, or the <me here given ; as it is fup« 
{x>red to furnifli its properties more readily, and to have, 
the ftill farther advantage of ihewing the a£lual exifteoce 
of fuch a figure, independent of any hypothefis, but that 
of granting the poflibility of motion. But the requifitioxi 
of this poftulatum, appears to be a fufificlent reafon why 
Euclid rejefted fuch a definition. The principles of 
pure Geometry, have no dependence upon motion, and 
k is, therefore, never ufed in the Elements, but in two 
or three places of the eleventh book, where it could not, 
without much obfcurity and circumlocution, have beea 
eafily avoided. It is befides, neither fo fimple, nor con^ 
Irenient to refer to, as Euclid's; which, in thefe refpeCls^ 
is as commodious as could be wifhed. 

D E F. ^0. B O O K I. 

Dr. Barrow, and other writers of confiderable emi- 
nence; have ceufured Euclid for defining parallel lines, 
from the negative property of their never meeting each 
other ; and to this they attribute all the perplexity and 
confufion, which has hitherto attended this delicate Tub* 
je3 : affirming it as an utter impoflibility, that any o£ 
the properties of thefe lines, can be derived from a defini* 
tion which contains only a fimple negation. But thefe 
aflertions appear to be groundlefs ; for the definition is 
funded on one of the moll familiar, fimple and. obvious 

properties 
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praperties of parallel lines, which either reafon or fciencft 
can difcover : and, on this account, it is certainly pre«- 
ferable to any other that C9uld have been formed from 
more abflrufe and complicated afie6:ions of thofe Ixnes, 
how ready and ufeful foever fuch a definition might have 
been found in its application. * 

The aflertion, likewife, that none of tlie other pro-^ 
pertiek of .parallel lines [can be derived from thifr 
definition, ha^ been unadvifedly made ; for the 27tl|p 
Prop, of the firft Element, which is the fame as the Wd 
of the pr^fent performance, is fairly and elegantly de^ 
xnonlhrated by k^ and by rnean^ fomething fimilar lo^ 
thofe made ufe of by Dr. Simson, in his Notes upon the 
!29th Prop, it would not be difficult to fhevr that all thft 
other properties of thofe lines may be derived from this 
definition, wit];LOut the afliflance of the Uth axiom, or 
any other of the fame kind. Dr. Simson, indeed* iv 
his attempt to demonftrate this axicnh, has mjade feveral 
paralogifms which render his teafonings altogether in« 
valid, and nugatory. (Paffing by others, of iefs confe^ 
quence, it will be fufficient to obferve, that in his fiftit 
Prop, he takes it for granted, that a line, which if per<« 
pendicular to one of two parallel tines,' may be pro« 
duced till it meets the. other : now this is a p?uticular 
cafe of the verj- thing he is endeavouring to prove, whick 
is fo firange.an overfight, that it is remarkable how it 
could efcape his obfervation. 

This, however, is not the only infiance of an unfuc« 
cefsful attempt to prove the truth of the 12th axiom; for 
Clavius and others have committed fimilar miilakes, 
and Dr. Austin, who has endeavoured to demonftrate 
it by means of a new definition of parallel lines, hat 

made 
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made ufc'of an afTumption equally unwarrantable wifh' 
that mentionfed above. That the theory of parallel lines, 
as it is given in the Elements, is very imperfeft, cannot 
be denied ; but no one has yet been fubftituted in its 
place which is not equally defeftive ; and in fome in- 
ilances ftill more exceptionable : particularly as they are 
founded on a definition which is derived from an adven- 
titious property of thdfe lines, inftead of one which i* 
itthetent and neceffary, as the nature of the fubjeft re- 
quires. ' 

Whether Euclid was the author of this axiom cannot 
j>erhapSj at this time, be eafily determined ; but it is cer* 
iainly a^^ifgfece to the Elements. The truth of the pro- 
perty here affiimed as a thing to be granted, it fo far from' 
Being obvious, that it requires demonfiration as tnuch a» 
atiy«Pn^. in the Elements; and it is always obferved that 
fearni^rs, itiftead of giving that ready aflent to it which* an 
axiomatical principle requires, receive it with doubt and 
hefitatioh, and are fcarcely able to comprehend the mean- 
ing of it. The one which is here made the 4th poftulate, 
though neariy the fame thing in effed, is miich more 
clear and intelligible. 

' Pro^. ]. Book I. 

In the demonfiration of this propofition, byEuc^^D, 
that part which relates to the interfeftion of the circles is,' 
very irhproperly, omitted; for in a work of this Kind,* 
nothing, however evident, ought to be taken for grant-' 
ed ; and particularly at the firft outfct, where a ftriftnefs 
of eliicidation is peculiarly neceffary. The paffing of the' 
<iircles through each other's centres is, indeed, a fufficient 
rcafcri why they muft cut each other; but this (hould cer-' 
tainly have been mentioned in the dcmdnllration. 

Prop. 
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Pro p. ^. Boo K I. 

Proclus, and other writers, have obferved, that this 
problem admits of fev^ral. cafes, according to the fituation 
of the point a ; but there is only one of them that can 
properly be called a feparate cafe, which is when tjie point 
A is at either of the extremities of the given line : and in 
this cafe, if a circle be defcribed from the given point, at 
the diftance CB, any of iHe radii of that circle will be the 
Kne required. In all other Situations of the point a, 
whether in the line ab, or out of it, the conftruftion and 
demonftration will be the fame as that given in the text ; 
which differs from Euclid's only in the producing of the 
line DA, after the circle "FHG is defcribed; this being 
thought more conformable to the terms of the propo- 
fition. ' ' V 

Prop. S. Bo ok I. 

In the conftruftion of this problem the line ad may 
faW upon the line ab, and then the thing required is done. 
The given lines q and ab may alfo meet each other, at , 
the point a ; and then a circle defcribed from that poipt, 
with the radius c, will cut off from ab the part required. 
This cafe occurs in the conftruftion of the 5th propo* 
fition following, and in feveral pther parts of the Elements, 
and, for that reafon, ought to have been mentioned. In 
all other pofitions of the two given lines Euclid's con- 
ftruftion and demonftration are general. 

Pro P. 4. Boo K I. 

The demonftration of this prbpofition has been fre- 
quently objefted agamft, as being too mechanical. But 
this complaint is frivolous and ill founded ; for the ope- 
ration 
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ration of placing one triangle upon the other, is a mental 
one, and what is to be confidered as pqiTible to be effeA* 
ed, rather than aftually done. There is, befides, na 
other way in which the equaUty of thefe figures can be 
eflablifhed, fo that aiiy cavils about its meiitft or defe£li( 
are entirely precluded*. 

pROPk 5i Bo o k i. 

Euclid, In his demonftrgtion of this prgpofiiion, baa 
Ihewn that the angles below the bafe are, alfo, equal to 
each other* But as this property is never referred to 
throughout the Elements, except in the demonftration of 
the &d cafe of the 7th propofition following, the whole of 
which i& both aukward and unneceflary^ it would have 
been better to have omitted it, atid confined the demon- 
ilration, in the prefent infiance, to the equality of the 
angles above the bafe^ which is a property much more 
generally ufefuK 

Pr OP. 6» Boo R L 

The demonftration of this propofition, in Euclid, is 
imlnethodical and defe£live. It is not Aifficient to fhew 
that one fide is not greater than the other, but it; ought^ 
alfo, to be ftiewn that it is not lefs, before their equality 
f:an be fairly inferred. It is true, indeed, that either of 
the fides may be taken at pleafure, and the fame thing 
will follow : but this obfervation Ihould have been made, 
and then the premifes, which they do not at prefent, 
would have authorized the deduftion required. The 
fame objeSion may be made to feveral other propofitions 
in the Elementl* 

Prop, 
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Prop. 7. Book I. 

This it the iame ai Euclid's Sth propofiuon; but it* 
monftrated in a different manner, in order diat the pre« 
ceding one, which is altogether ufelefs, might be omit- 
ted. Pr o C L U S dcmonftrates it in neariy the fame manner ; 
l>ut he makes diree cafes of it; when it may be done gene- 
rally in one ^ for if the longeft fides, or rather thofe which 
are not (horter than any other, be applied together, there 
can be no ambiguity in the fpecies of the triangles* 

Prop. 8. Book L 

This piopofition is made an axiom by Euclid; but 
it is certainly not a truth of that kind : for when two right 
angles are fbiind in feparate aiid diilin£l figures, there b 
nothing in the definitions or poftulates, from which their 
equality to each other can be fairly inferred. 

Prop. 12. Book L 

It 19 not (hewn by £u c l i d, in his demonfiration of tlui 
problem, that the circle made ufe of in the conftru&ion, 
will cut the given line in two points, which as much re* 
quires proof as Prop. 2. Book III. which is nearly its 
converfe. For this reafon the conilru£lion gjiven in the 
text has been preferred ; but in a work where the utmoft 
fcientific rigour is required, it would be better to coa- 
ftruft the problem without the intervention of the circle, 
by means of right lines only, which may eafily be done.. 

Prop. IS. Book I. 

In the enunciation of this Prop, by Euclid, theaoglei 
are faid to be either equal to two right angles, or toge. 

ther 
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ther equal to two right angles : but the former part of 
ibis fcemg to be unneceflarj' ; for In all cafes, whether the 
-angles be each of them a .right angle, oi* not, they are 
together equal to two right atlgles* 

Prop. 16- BookL 

As the outward angle of a triangle is afterwards ftewn 
16 be equal to the two inward oppoCte angles, it is much 
to be wiflicd that the prefent Prop, which is only a par- 
tial carfeof the former, could be removed from^* the Ele- 
ments : but this cannot eafily be done ; * for the following 
propofition, and the firft relating to parallel lines, are 
tiot oth^rwife to be demoiiftrated. The next Prop, in 
.Euclid, is, however, quite unneceffary, as thfe firft pla6c 
in which it occurs is Prop. 18, B. 3, where a reference 
inay be as readily made to the general propofition. 

A pR OP. 19. Bo O K I- 

^ The dempnftration of this propofition, as it is given 
by Euclid, is extremely defeftive ; for the whole defign 
of the problem is to fhew that of three right lines, under 
certain fpecified reftriftions, a triangle may be formed ; 
and as no ufe whatever is made of thefe reftriftions, 
either in the conftruftion or demdnftration, both the ar- 
guments adduced, and the concluifions derived from them, 
are entirely nugatory. This defeft was obferved by Mr, 
Simpson, between whom and his antagonift Dr.'Sim- 
roN, It occafibned fome controverfy, which ^dl*^W from 
the latter fome very hafty unfcientific expreffidns, not 
much comporting with the charaCler oi fo ftrift and ac- 
curate a Geometrician. ' ( 

* 

Prop. 
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t* Propv ?8. Book !• - 

.-. ". ' - '. ' I . • .. ** 

In moft editions of Euclid, two corollaries ai^e affixed^ 

to this propofition ; which are equally or more intricate 
than the proportion itfclf* Dr. Austin has endeavoured 
to prove that thefe, arid moft of the otTier corollarjes, to % 
be found in the Elements, were hot introduced by! Eu- 
clid, but by fomc of his commentators, or interpreters ;v 
and there are many reafons for 'believing that this opinion, 
is not ill founded. It is generally allowed, that EUCI.IQ5 
wrote a book entitled Corollaries, which were a colleflion., 
of confequences deducible from his Elements ; and, there-^ 
fore, it is not to be imagined that they were originally, 
inferted in that work ; as in that cafe it would have- been' 
quite unneceSary to have pub liftied them in a fepabuie' 
performance. Befides this, the chain of reafoning iSi 
compiete without them, as is evident from their being^ 
feldom referred to in any propofition. In all cafes, how- 
ever, where a ufeful truth of this kind can be readily de*. 
duced from a preceding demonftration, there appears to 
be no impropriety in making it a corallary. 



Pro p. si. Book I. 
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" This propofition, as it ftands in moft of the fcarly 
editions, has three diftinft cafes, which all require to be' 
feparately deirionftrated. " 'Dr. Simson, by changing the 
mode of demonftration, has reduced it to two : but by 
an obvious alteration in the enunciation of the I. i6, Euc/ 
which is the fame as our 21ft, the ' propofition, both foi' 
parallelograms and triangles, might have ^ been demon-* 
Itrated generally, in one cafe only ; whiiSi, when it caw 

S . be 
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be done* is always to be preferred. In this part of the 
work, alfo, feveral other alterations have been made, the 
reafon for which will be given in the not^s to the fecond 
book. 



Prop. 35. Book I. 

This propofition is fubfiituted in the place of Prop^ 4i?, 
44, and 45 of Euc. B. I. as being lefs intricate, and equalljr 
ufeful in its application. One of the principal defigns of 
thefe propofitions, is to (hew, that a parallelogram, under 
Ifertain conditions, can be formed ; and as this can be more 
ivadily effefted by other methods, the preference has been 
given to that which appears the moft fimple. It may alfo 
be obferved, that the 44th propofition of Euclid is not 
legally demonftrated ; for the parallelogram bf, which 
makes a part of the conftru£lion, cannot be formed from 
Prop. 42, as is direfted, being entirely a diffierent cafe : 
and as the 45 th is derived from the 44th, it rauft alfo be 
liable to the fame objeQion. 

Prop. S4, S5. Book L 

Thefe propofitions are delivered by Euclid in a dif- 
ferent form, and not given till the 6th book ; but as they 
are extremely eafy, and of frequent ufe in their applica* 
tion to other propofitions, in the preceding books, they 
have been here introduced as early as poffible, and de- 
Qionfirated independently of the do£lrine of proportion ; 
which, it is imagined, beginners will confider as an ad* 
vantage, as they feldom arrive to fuch a proficiency, in a 
knowledge of the Elements, as to obtain clear and fatis* 
(a&ory ideas of that intricate fubje6l. 

Prop. 
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Prop. 1. Book II. 

In Euclid's demonftration of this problem, it ought 
to have been proved that the lines "which are direflcd to 
he drawn parallel to ab» ad, will meet each other ; or 
otherwife it is not certain that the iquare required can be* 
formed. On this account, a mode of conftiuflion has 
been here obferved, which is not liable to that obje£lion. 

Prop. «, 3, 4. Book II. 

Thefe propofitions, which are riot in Eire lid, may 
by fome, be thought unneceffary ; but they muft either 
be demonftrated, or aflumed; as the firft, in particular, 
is wanted in almoft every propofition of the fecond book ; 
and the others are frequently required in fevcral parts o^' 
the Elements. Why they were omitted by Euclid 
does not appear ; they are certainly not axiomatical, nor 
more evident in themfelves than many others which he 
has fcrupuloufly demonfirated. 

Prop. 6. Book II. 

This propofition is placed in the fecond book, for the 
purpofe of demonftrating it in a more general manner 
than has been done by EtJCLiD ; and in order that fome 
others, of little importance, might be more eafily omitted. 
The demonftration depends principally upon the firft 
propofition, mentioned above ; and this, among other 
inftances, is fufficient to fliew the utility of that theorem, 
and the neceffity of its being introduced into the 
Elements. 

S2 Prop. 
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Prop 7. Book II. 

*Thi$ th.Qorem, which is not in Euclid, is given 
ejijefly on account of its application to fome of the follow- 
ing propofitidns,^ the demonftrations of which are, by this 
means, ren^^red more concife and elegant. 

.:- » Prop. 13. Book II. ' 

All the theorems in Euclid's fecond book, which re- 
late to the div.ifion of a line into more than two parts, arc 
here oiTiitted, as they are commonly found tedious and 
embarrafling to beginners,, and are not of any very ex-' 
tenfive ufe. The prefent propofition, which is not ia 
Eu^CLiD, 'is much more generally applicable; and this, 
together with the preceding ones, will be found fufficient 
for moft geometrical purpofes. 

•J ,- , . 

Prop. 16, 19, so and £1. Book II. 

Thefe propofifions, though not in Euclid, are fre- 
quently wanted, particularly the ift, Sd, and 3d, wh^ich 
are, alfo, equally remarkable, both for their elegance and 
utility. 

- 

Prop. 1. Book III. 

• It is properly obfcrved by Dr. Simson', in his notes 
upon this book, that the objections which have been 
ufually made againll the indircfl: method of proof, 
ufed in this and ieveral other propohuons^ in thp Ele- 
ments, are injudicious and ill founded; as it is obvioui 
' , to^every one, who has duly confidercd the fubj^, that 
there aie Uiany tilings which cannot be proved in any 

other 
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ot-her way. There is, however, a real defeft ift the d^rf 
monftration of thispropofition, that- efcaped his notice i 
which is, that the fiftitious centre, or point G, may.b^ 
taken in the line ec'; and in this cafe the d<prr)ftpftratio« 
given by Euclid will net hold. , 

Prop. 4. Book III. j 

This propofition is the fame as the 9th of EucL'Il>J 
Book III. but dernonftrated in a'martrfer which it is ima- 
gined will appear fomething more clear and fatisfaa'c^i 
at leaft to beginnejjpr According to his method the pro- 
pofition admits of feveral cafes ; and in that which' he hai 
chofen as a general one, the fiftitious centre, or point" fe', 
is fo taken, that the proof would be exa6ily the fame' for 
two equal right lines as for three, which is a manifeil 
imperfcftionr 
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Prop. 5. Book III. 

Euclid has given this theorem in his 3d Book, in the 
fornj of a definition ; which is the more remarkable; as 
he appears, in feveral parts of the Elements, to be well 
aware, that the equality of no two figures can be admitted 
but fronj the teit which he has l^id down in the 8th 
axiom, ' 

Prop. 6, 7. Book HI. 

Thefe theorems are, in fubftance, the fame as Eu- 
cl1d*j5, but differently enunciated, in order to accom- 
modate beginners, who are generally embarraffed with 
the aukwardnefs of the figures, and the two fifclitious 
centres in the laft propofition ; the latter of which are 

S 3 here 
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tere avoided. It may alfo be obferved that the ttertJttn-* 

firatioB^ of thefe propoGtions are n<Jt illriAly fcientifk' ; 

fince, for aught that appears to the contfaryj thp c'lrtl^i 

may touch each Qther in more points thian one, irt which 

cafe the proof he has given would be nugatory, Tq 

i^void this, the fucceeding propofitions fhould haye been 

placed prior in order to the prefent one?, and demon - 

firated independently ot them ; which, however, cs^nnot 

ealily be done. For this reafon, and tq avoid as much as 

pofTible all theorems which arp ptherwjfe of little imporu 

ance, the touching of the circles in one point pnly, tia| 

been here inferred from the, definition. A fiinjlar objec- 

vtion may, likewife, be made againft the 5th, 6th, and lOth 

theorems of £u c ;. i d. Book III ; the laft of which lhoul4 

have been demonflrated firft ; for, as they now ftand^ 

{Several things which require proof, as much a^ the propo. 

£tions themfelves, are taken for granted. 

Prop. 10. Book III. 

In this propofition, no mention is made of the corni- 
cular angle, or that which is fuppofed to be formed by 
the circumference and tangent, at the point of contaft ; 
as it is of no ufe whatever in Geometry, and ought never 
to have been admitted into the Elements. Dr. Simson 
fufpefls, with ViETA, that it is an interpolation, and oi^ 
that account has properly rejefted it; but there are ftill 
fome particulars, in his enunciation of this propofition, 
which appear to be equally unneceffary. The theorem 
is, therefore, here propofed in as fimple a manner as 
poflible, and reftrifted to that cafe which moft frequently 
occurs. 

PROB. 
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Prop. 14. Book III. 

In Euclid's demonftration of the fecond cafe of this 
theorem, the following propofition has been taken for 
granted, viz. " If one magnitude be double of another. 
and a part taken from the firft, be double of a part tak^n 
from the fecond, the remainder of the firft will be double 
the remainder of the fecond." But as this alTumptioq, 
which has hitherto been tacitly acquiefced in, is not de^ 
rived from the axioms, or any thing which has been pre- 
vioufly demonfirated, it is certainly improper, and un* 
juftifiable. In order, therefore, to render the demon- 
ftration of this cafe more ftri£l and fcieatific, it is here 
l^ven in a different manner, which is equally eafy wiUl 
th^ fonper, 9n4 not liable to the fame obje£^ipn. ^ 

Prop. 15. Book III, 

Dr. Austin in hi3 examination of the firft fix books 
of the Elements, is of opinion that ^hp fecond cafe of this 
propofition, which has bc^n added by Dr, Simpson. 
and oth^r modern Editors, ii^ unnecefTary, '* The former 
propofition, he obferves, is general ; and, therefore, it is 
immaterial, whether the part of the circumference upon 
which the angles at the centre and ciicuinfertnce ftani, 
be greater or lefs than a femicircle." 5ut this obferva- 
tion is foreign to the purpofe ; for as the arc which fub- 
tends an angle at the centre, muft always be lefs than a 
femicircle, no fuch angle can be introduced into the con- 
ilru£lion of this cafe ; and therefore the demonftration 
of it muft necefiarily be obtained in (ome way different 
from the former^ 

S 4 Prop. 



S«^ NOTES AND 

Pkop. 18, 19. Book III. 

;,^. The fii-ft of the^fe propofitions is the fame in efFeft as 
-:t)ie..25th of Euclid, Book III, but fomctliing morp 
^firnple, being: dcmonftrated generally .in one cafe. I'he 
f^herj is the converfe of our 17th, or Euclid's Si^d, 
-,ivtuch he has omitted, but for what reafon does not ap- 
pear, as it is of frequent ufe ip its application, 
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-:..' Prop. 20, . Book III. .: 

"'This propofitibn differs from the 54th of Et/GL'lb, 
Book III, onh'' in the enunciation, which w;-s done to 

"awid'the necefiltV of defining fimilai^fegments' of circles.. 

'For as 'this definition', Av^hich is nothing- more- than Eu- 
clid's 21ft propofitmn, in anotherforrtij- cannot psflibly 
be underftood, till it is fhewn that all angles in the fame 
fegment are equal to each other, it is altogether ufelefs, 

.^nd contrary to the nature of a definition, which requires 
that it fliould be expreffed in fuch terms, and deriyed from 
fuch properties as are fimplc and obvious. 

• » 
Prop. 27, 28, i^9. Book III. 

« 

The demonftrations of thefe propofitions are confined 
to one cafe, which, though it does not include every pof- 
fible pofition of the lines, will, it is conceived, be thought 
fufficiently general, Euclid, in this inflance, is much 
more particular ; having fcrupuloufly demonftrated cafes 
of leCs moment than many others in tjie Elements whi(^h 
are taken for granted. And the fame want, of unifprmity 
may be obferved in feveral other propofitions, with refpc^ 
to the ftriftnefs or laxity of their dexponitr^liojis, 

4 
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Prop. .5- Book IV,: 

Dr.Simson inTiis note upon EugnD, Prop.5,B>4, 
pbferves *' that the demonftr^tion . of this prablem^, has 
been fpoiled by fome unfkllful hand. For he does not 
demoijftrate, as is neceffary, that the two ftraight lines, 
which bifeft the fides of the triangle, at right angles, 
muft meet one another." After which, it appears fomcr 
thing fingular, that this able Geometrician fhould not per- 
ceive that a fimilar omiffion had been made in the de- 
jnonftratioii of the 3d, and feveral other propofitiqns of 
this book ; in which the neceffity of proving that certain 
lines will meet each other is equally obvious. In all thefe 
cafes, therefore, that part of tl^e demonftration is now 
fupplied, and the different folutions, by that means, ren- 
dered more complete. 

Prop. 10. Book IV. 

• This propofition has been purpofely altered from Eu- 
clid, in order to render the conflruftion of the following 
one more praftical and fimple. It is now, alfo, properly 
limited, which Euclid's is not; for according to his 
enunciation of the problem, an infinite number of trian- 
gles may be formed, which will anfwer the conditions 
required. Tlie fame objeftion is likewife applicable t6 
feveral other propofitions in the Elements ; and though 
it may, to fome, appear trifling, it is certainly a de- 
parture from that ftriftnefs and precifion which, in a 
"work of this nature, are generally confidercd as clfentiai 
requifites. An inftance of this kind occurs even in the 
i?d Prop, of B. I, which, however, is not fo eafily *ie- 
medied. 

Prop. 
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Prop. li. B^ok IV. 

Sbm^ (rf thfe Commentators have obfcrvcd, that Eu- 
t lilt's method 6f infcribing a pentagon in a circle, i^ 
touch lefs fimple and elegant than that of Ptolemy in 
thfe lil Book of his Alinageft; and for that reafon think 
it "ought to have been given in the Elements/ Whilft 
dthfej^S maintain that the demonftrktion of Ptolemy's 
cbnflrufl:ion depends ,whol]y on the ISth Book, and that, 
therefore, if Euclid had known it, he could not have, 
inferted it in the prefent Book ; the materials for it not 
feeing yet prepared. This, however, is not true ; for i% 
lias been clearly fliewn by the author, in a periodical 
publication for the year 1786, that the truth of this con^ 
BniHiori fiiay be proved by means t>f the firft three Books 
of the Elements only ; but the reafon why it has net been 
given in the text is, that the demonftration, being fome^ 
thing more intricate, might not have been fo readily com-i 
pr^hended by beginners^ for whofe ufe this work is p^^t 
cipally defigned. 

Def. B. BpoK V. 

This definition, which ijs the fame in eSe^l at thai 
^iven by Euclid, has been the occafion of much con- 
troverfy and difpute among Mathematicians ; many of 
them thinking it foreign to the purpofe, and others too 
difficult and obfcure to be made the leading principle of a 
idofirine fo ufeful and neceflary as that of proportion. 
But, from a mature confideration of the fubje6l, it is fuffi* 
ciently evident that no other definition, equally applicable 
and general, could have been given ; and, therefore} the 

neceffity 
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|>eceffity of the cafe required that the prefenj one fliould 
be adopted in preference to all others. 

That it is not fo fimple and evident as that which fnzf 
be given of numbers, or commenfura^le magnitudes, 
cannot be denied ; but this arifes from the nature of the 

» 

fiibjeft, and is not tp be avpided. There arc fome pro- 
portional magnitudes, fiich, for inftance, as the fide of k 
fquare and its diagonal^ which have no common meafurei, 
and conCequently cannot be defined by that means. Sbme 
pthei: definition was, therefore, to be found, which Would 
lioli in thi^, and all other cafes, without exception; iand 
as the one in queilion anfwers thefe conditions, and is, tft 
the iame time, equally commodious in praflice^ nothing 
farther can be expefted. 

In order, however, to accommodate learners, wlio aife 
feldom able to comprehend Euclid's 5th Book, fuch 
alterations have been made in this part of the work, as it 
is prefumed will render it much more clear and inteU 
ligible. Among others, the definition above-mentioned 
is more concifely enunciated ; by which it is made to ap- 
pear lefs intricate and involved ; and confequently may be 
inore eaifily remembered and applied. Every thing which 
irelate^ to a greater and lefs ratio is alfo reje£led, as being 
pbfcure and unneceflary . And as brevity was here thought 
particularly requifite, fuch propofitions only have been 
introduced, as are obyioufly ufeful ; the reft being confi* 
dered as impediments ip the way of the learner, and, for 
that reafon, unfit for an elementary performance, whofe 
principal aim (hould be clearnefs and perfpicuity. 

For a further account of the do£lrine of ratios, as de- 
livcred by Euclid, the reader i#r referred to the 7th and 

6th 
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Btjiof D-R. Barrow's Mathematical Leftures, where the 
ufual objeftions which ase made to this method are fully 
refuted; • ^ 

Prop. 2. Book V. 

- This Prop, is the Came as the Cor, to Euclid's 2d 
^rop. of Book V, which Dr. Simson has marked with 
inverted commas, as being unnccefl'ary. But, whoever 
/xonfiders this Book with attention, will obferve, that the 
.corollary is much more ufeful and general than the pro- 
'pofition. It is. indeed, flriftly fpeaking, no corollar}'^ to 
the propofitio' i queftion, and for that reafon is properly 
.enough (Jifcardi'd ; but itVould have been much better to 
have ft ruck out the propoGtion, and fubflitutecl the coroU 
lary in its place. »kt^,.i^ /.• ' 

Prop. 4. Book- Vltn? ' • ' 

• I 

r ■ . . • . 

- This propofition, which is required in the^emonftra- 
'tion of fome of the following ones, is not exprefly enun- 
fciated by Euclid, being introduced into the demqnftra- 
tion of the 8th propofition, without any farther notice; 
But as it is a diftin6l theorem, the truth of which is much 
lefs obvious than that of feveral others in this Book, it 
"ought to have been feparately detnonftrated ; and particu- 
larly as it is of confideratle ufe in its* application. 

Prop. 16, 17. Book V. 

It has been properly obferved, by Mr. Simpson, that 
the manner in which the compofition and divifion of 
ratios is treated of by Euclid, is defeftive, as. not being 
fufficiently general. It is alfo commonly found very 

abftrufc 
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abftrufe and embarrafTing to beginners, on account of 
the complicated terms in \vhich it is enunciated", and the 
nurqbet of cafes to be feparatcly demonftrated. For tHEfe 
reafons-, it was deemed neceflary'feo give the propofitidns- 
a more fnnple and general form, aitd to render the -de- ■ 
monftrations of them as concife ahd perfpicuous as pofS- 
ble.i The 17tli, in ftriflinefs, has two dillinft cafes; but 
as the fecond differs from the firft only by. inverting the 
terms, it was judged fufficieat to mention it in a 
Scholium. „ 

Def. 1. Book VI. 

Dr. Austin objefts to this^definitipn, becaufe it does 
not yet appear that any reflilineal figures can have their 
angles equai^ each to each, and the fides about them pro- 
portional. "^M|w6uld therefore define fimilar triangles' 
firft, wbich Wm be dbne only from the equality of their 
angles; and after this to call thofe fimilar reftilineal 
figures, of more than three fides, which confift of an equal 
number of frmllar triangles; fimilarty fituated. l^his is no 
doubt an' alteration which might prove advantageous to 
'learners; but as it appears illogical, and contrary' to the 
method made ufe of in other cafes of a like nature, the 

original definition was thought preferable. 

I '• ... 

Prop. 12, 13, 16, 17. BookVL.. ' . 

Several alterations have been made in the demonftra* 
tions of thefe propofitions, . as they were given by -Eo-* 
CLID, with the view of rendering them more fimple and 
eafy ; but as they are in general fuch as may be readily 
difcovered by infpeQ:ion,;or by comparing the theorem* 
with thofe in the Elements, it will be unnecefTary t04)oint 
them out to the reader. 

Prop. 
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Prop. 19, 2o, ^i?, 2S. Boor VL 

Thefe propofitions are not in Euclid, though thdr ' 
utility and elegance certainly entitled them to a place in 
the Elements. The latter, in particular, may fupply the 
place of the 27th, 28th, and 29th of Euclid; which 
are certainly very awkward propofitions, and are feldom 
well underflood by beginners. The ufe which was made 
of them by fome of the ancient Geometers, has been urged 
as a fufficient reafon why they ought to be retained in the 
Elements ; but, upon this principle, numberlefs other pro* 
pofitions might be inferted, which would fwell this com- 
pendious and beautiful fyftem into a large volume ; and 
make it appear more like a common place book than a 
fimple regular performance, judicioufly arranged in all its 
paru, and difplaying only the firft and idoft important 
principles of the fcience. 

Prop- 25, 26, 27. Book VI. 

Thefe elegant and ufeful theorems were not originally 
in Euclid ; but have been inferted in fome of the late 
editions, by Dr. Simson and other writers. Mr. Simp- 
SON has given them in the third book of his Elements, and 
demonftrated them independently of proportion ; which 
he conceives to be an alteration much for the better : but 
this will fcarcely be allowed, when it is confidered that 
he was obliged to introduce a new theorem for this pur. 
pofe, manifeftly derived from the principles laid dow!n in 
the 5th Book ; and that the advantages attending thi» 
Qiethod, are entirely deftroyed by a forced and unnatural « 
iMTrangement. 

Prof^ 
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Prop. ^- Book VIL 

Dr. Simson, in his notes upon this propof]tion» ob-. 
ferves, that the enunciation of it, in mod editions, has 
been changed and vitiated, by its being propofed to ftcw 
that every patt of a triangle is in the fame plane, inftead 
of the way in which it now ftands ; as the property her© 
alluded to is faid to be contained in the definition of a tri- 
angle, and is conftantly taken for granted in every part of 
the firft fix books. But he did not perceive that a fimilar 
objection might be made to the preceding propofition ; in 
which it is proved that one part of a right line cannot be 
in a plane, and another part above it ; this being, in like 
manner, a neceffary confequence of the definition he has 
given of a plane, or .rather the very property from which 
it is derived. 

Prop. 3. Book VII. 

The demonftration of this theorem, which is new, and 
more concife than that given by Euclid, is derived from 
a property of the ifofceles triangle, not mentioned in the 
Elements, but which is found of confiderable ufe in its 
application to other propofitions. Several othejr altera- 
tions have alfo be^n made in different parts of this lyiok, 
of which, as they will be readily difcovered by thofe who 
are verfed in the fubjeft, any farther account is un- 
neceffary. 

BookVIIL 

The method here followed, of treating the folids, is Hot 
materially different from that which has been employed 

I by 
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by other writers upon the. like occafion; but the propo- 
fitions, it is prefumed, will . be found much better ar- 
langed, and the /ubjeft rendered more eafy and familiar 
ihdTi has hitherto been done. The author however, is. 
well aware that it is liable to critical objeftions; and had 
it not been incompatible with the plan of the performance, 
he certairly would have given it a more fcientlfic form ;♦ 
which e .'cn from the fimple principles here employed, 
might eafily have been done. But as the advantages 
attending the prefent mode of d. monftration, efpecially to 
learners, appeared fuperior to every other confideration, 
it was adapted in preference to that of Euclid ; which, 
though more accurate, is frequently found to be tedious 
and obfcure. 
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